LIFTS OF UNRAMIFIED TWISTS AND LOCAL-GLOBAL PRINCIPLES

FABIAN GUNDLACH AND BERANGER SEGUIN

ABSTRACT. We prove that two-step nilpotent p-extensions of rational global function fields of
characteristic p satisfy a quantitative local-global principle when they are counted according
to their largest upper ramification break (“last jump”). We had previously shown this only for
p # 2. Compared to our previous proof, this proof is also more self-contained, and may apply
to heights other than the last jump. As an application, we describe the distribution of last
jumps of Dy-extensions of rational global function fields of characteristic 2. We also exhibit a
counterexample to the analogous local-global principle when counting by discriminants.
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1. INTRODUCTION

For the whole article, we fix a prime number p. If K is a field, I'x := Gal(K*P|K) is its
absolute Galois group equipped with the Krull topology. For a finite group G with the discrete
topology, Hom(I'g, G) is the set of continuous homomorphisms I'x — G. We denote the higher
inertia groups of a local field K by I'}- (in the upper numbering, for any v € R>_1) and, for
any p € Hom(I'k, G), we define

lastjump p := inf {v € Qx¢ | p(I'y) =1} € Qxo.

Finally, if K is a global field, the set of its places is denoted by Py, and for each p € Pg, we
let Kp be the completion of K at p and we let Oy := Ok, .

One of the main themes of class field theory is the interplay between the local theory and
the global theory, leading to a local-global principle for abelian extensions (cf. Lemma 2.4). In
this article, we prove an analogous quantitative local-global principle for certain non-abelian
extensions when they are ordered by their last jump:

Theorem 1.1. Let G be a finite p-group of nilpotency class < 2 and let K := F,(T) be a rational
global function field of characteristic p. Then, for any (vp) € HpePK Q>0 such that vy, = 0 for
almost all p € Px, we have

|G| ‘{P € Hom(T'k, G) ! Vp, lastjump(p|FKp) = Up}‘

= H €] pr € Hom(T'x,, G) | lastjump p, = v, }|,
pePK
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where the left-hand side and all the factors of the right-hand side are nonnegative integers. (For
all primes p with v, = 0, the factor is 1, making the infinite product well-defined.)

For non-abelian groups G, we are not aware of a bijection directly underlying this quantitative
local-global principle. (For abelian G, see Lemma 2.4.)

This local-global principle is not a general fact about inertial heights; for instance, it can
fail when one replaces the last jump by the degree of the discriminant divisor as we observe
in Proposition 6.4. However, we show in Theorem 6.2 that it does hold (for any finite p-group
and any inertial height) for extensions unramified outside a single place of degree not divisible
by p. Moreover, it is likely that in general situations an approximate statistical version of the
quantitative local-global principle holds when averaging over many tuples (vp).

A consequence of Theorem 1.1 is that, when G is a finite p-group of nilpotency class < 2,
the problem of describing the asymptotic distribution of last jumps Zp degp - lastjump(p|r Kp)
of G-extensions of the global field F,(T") reduces to the study of the distribution of last jumps
of G-extensions of the local function fields F,((7")) using an analytic lemma [GS25, Lemma 5.4].
As an application, we count Dy-extensions of F,(7) in characteristic 2 (a case that we could
not treat in [GS25]) using the results of [Ima25]:

Theorem 1.2 (Theorem 5.5). Let K :=TFy(T) be a rational global function field of character-
istic 2. There is a real number C' > 0 such that for integers X — oo, we have

Hp € Hom(T'k, Dy) ZpePK degyp - lastjump(p|pr> = X}‘ = CP* X 4 o(** X).

1.1. Relation with previous results. When p = 2 and G has nilpotency class 2, Theorem 1.1
is a new result.

When G is abelian (in which case the last jump is closely related to the conductor), Theo-
rem 1.1 is a straightforward consequence of class field theory (see Lemma 2.4), and in this case
it is not specific to the last jump (it holds for any inertial height, e.g., for discriminants).

When p > 3, a proof of Theorem 1.1 was already given in [GS25, Theorem 1.1], relying on the
Lazard correspondence between p-groups of nilpotency class less than p (leading to the exclusion
of the prime 2) and finite Lie Zy-algebras, and on the description of the ramification filtration
from [Abr98]. By contrast, this article deals directly with continuous homomorphisms I'xy — G
and uses only classical results from class field theory and Artin—Schreier—Witt theory.

1.2. Strategy of proof. The assumption that G is a finite p-group of nilpotency class < 2 is
equivalent to the existence of a short exact sequence

l1—-N—G5Q—1

for two finite abelian p-groups N C Z(G) and @. Any continuous homomorphism p: I'x — G
gives rise to a continuous homomorphism p = 7o p € Hom(I'k, Q). Conversely, in this case,
every p € Hom(I'k, @) admits a lift p € Hom(I'kx, G), and the other lifts of p are exactly the
twists 0 - p (pointwise products) of p by homomorphisms § € Hom(T'k, N) (see Lemma 2.1):

'k

pm x
G ——Q

Since Q and N are abelian, Hom(I', @) and Hom(I'x, N') can be understood using class field

theory. In fact, the assumption that K is a rational function field of characteristic p implies a
local-global principle for homomorphisms modulo unramified homomorphisms (Lemma 2.4):

Hom(I'k, Q) /Homur(FK,Q) ~ @ (Hom(FKpaQ) /Homur(FKp7Q))‘ (1.1)

PEPK

1 N 1

The quotient groups Hom(I'k,, @)/ Homy, (I'x, , @) can be thought of as follows: two homomor-
phisms ', — @ lie in the same coset (they are unramified twists of each other) if and only if
they agree on the inertia subgroup I' ?{p CI'k,.
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In order to prove Theorem 1.1, our basic strategy is to combine the local—global principle
for Hom(T'k, Q) with that for Hom(I'x, N), following a classical inductive approach. (See for
example [ALOWW?25] for a recent treatment of inductive methods.) However, the fact that the
local-global principle for Hom(T'x, Q) holds only up to unramified homomorphisms leads to a
difficulty in implementing this idea naively: how can we count the lifts of a homomorphism
that we know only up to unramified homomorphisms? The simplest way to get around this
indeterminacy is to prove that the distribution of the last jumps of the lifts p € Hom(I'x,, G)
of a given p € Hom(I'k,, Q) is in fact unchanged when replacing p with an unramified twist.
This is the content of the following purely local theorem, which is the main technical ingredient
of this paper:

Theorem 1.3. Let K :=F,(T)) be a local function field of characteristic p. Consider a short

ezact sequence 1 — N — G 5 Q — 1 with finite abelian p-groups N C Z(G) and Q. For
any py, pa € Hom(I' g, Q) such that 0 := py — Py is unramified and for any v > 0, we have

TOop=py _ TOp=po
lastjumppzv}‘ o {peHom(FK,G) lastjumppzv}

Hp € Hom(T'k, G)

lastjump
<
S

pp
LAAAAAAAAAANAAAAAAAAAAAANAAAAAAA 52

P1

unramified twists

To prove Theorem 1.3, it in fact suffices to prove that the smallest last jump among all
lifts of p; equals the smallest last jump among all lifts of p,. We achieve this by explicitly
constructing for every lift p; of p; and for every unramified lift 6 of 0 := py—py a lift py = £-6-py
of py = 0 - p; with lastjump ps < lastjump p;. The factor £: T’ K, — N is defined by an explicit
formula, relying on Artin—Schreier—Witt theory. (See Subsection 4.3.)

Informally, our construction extends unramified twisting to the non-abelian setting, connect-
ing the two sides of Theorem 1.3. This modifies not only the unramified part (p; and p2 need
not coincide when restricted to the inertia subgroup), but also affects the first few ramification
subgroups (up to lastjumpp,). This partially explains the specificity of the last jump: this
height is insensitive to modifying only the first few ramification subgroups, as opposed to the
discriminant which depends on the sizes of all ramification subgroups (Equation (2.5)).

1.3. Organization of the paper. In Section 2, we recall facts about p-extensions, class field
theory and Artin—Schreier—Witt theory; we also define the notions of unramified twists, inertial
types, inertial heights and the last jump. In Section 3, we prove Theorem 3.1, which states that
any inertial height satisfying a form of Theorem 1.3 satisfies a local-global principle similar to
Theorem 1.1. Section 4 is dedicated to proving Theorem 1.3, which together with Theorem 3.1
implies Theorem 1.1. Section 5 illustrates the use of Theorem 1.1 by applying it, together
with [GS25, Lemma 5.4] and with the results of [Ima25], to describe the asymptotics of Dy-
extensions of rational global function fields in characteristic 2 (Theorem 5.5). In Section 6, we
discuss generalizations of Theorem 1.1: we describe a more general local-global principle for
extensions unramified outside a single prime of degree coprime to p (Theorem 6.2), and we give
a counterexample to the naive generalization of Theorem 1.1 to discriminants (Proposition 6.4).

1.4. Terminology and notation. In this article, we let N = {1,2,...}. All finite groups are
equipped with the discrete topology, and infinite Galois groups are equipped with the Krull
topology. If T, G are topological groups, Hom(I', G) is the set of continuous group homomor-
phisms I' — G (which is an abelian group if G is abelian). Similarly, the sets H'(T,G) are
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defined using continuous group cohomology. They are abelian groups if G is abelian. If G is
non-abelian, they are defined only if i € {0,1}, and are pointed sets with no natural group
structure, cf. [Ser62, Chap. VII, Annexe|. By default, if G is a finite group, we assume that '
acts trivially on G, so H' (', G) is the set of G-conjugacy classes of continuous group homo-
morphisms ' — G, corresponding to G-extensions of K in the sense of [GS25, Subsection 2.1].

If K is a global or a local field, we let K" be the maximal unramified extension of K
inside K*P. If G is a topological group, we let Hom,(I'x, G) := Hom(Gal(K"|K), G), which
we identify with the subset of Hom(I', G) consisting of those homomorphisms that are trivial
on I'gur CTx. (When K is a local field, I'gur is the inertia subgroup of I'k.)

For any local field K and any real number v > —1, we let I'}- be the v-th higher inertia
subgroup of 'k in the upper numbering (see [Ser62, Chap. IV, §3]). For instance, I'% is the
inertia subgroup of I'x and F}( is the wild inertia subgroup.

For each prime p of a global field K, we fix a prime P of K*P above p and use (KP)p
as our go-to separable closure of Kj,. We obtain an embedding 'k, — 'k via ', =
Gal((K*P)yp|Ky) =~ Dy € T'k. Any other choice of %P gives rise to a conjugate embedding.
Composing a group homomorphism p: 'y — G with any two of these conjugate embeddings
yields conjugate homomorphisms I', — G, so any conjugation-invariant property of the re-
stricted homomorphism p\pKP (e.g., its last jump) is in fact canonical. If G is abelian, the
restriction p|p P lg, — G is itself independent of the choice of 3.

1.5. Acknowledgments. This work was supported by the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation)—Project-ID 491392403—TRR 358 (Project A4). The
authors are grateful to Jiirgen Kliiners, Raphael Miiller and Carlo Pagano for helpful discussions.

2. PRELIMINARIES

2.1. Embedding problems in characteristic p. Let K be a field of characteristic p. For
p-extensions of K, there are no obstructions to solving embedding problems with central kernel:

Lemma 2.1. Consider a short exact sequence 1 - N — G 5 Q — 1, and assume that N C
Z(QG) is a finite abelian p-group. Then, the natural map Hom(I'k, G) — Hom(I'k, @), p — mop
is surjective. Moreover, twisting (pointwise multiplication) defines a simply transitive action
of Hom(I'x, N) on each fiber of that surjection.

Proof. By [NSWO08, (6.1.2)], we have H?(I'i,F,) = 0. By induction on the order of N (which
contains an element of order p unless N = 0), using the long exact sequence in group cohomology,
it follows that H?(T'x, N) = 0. The surjectivity claim then follows from the exact sequence
H'(Tk,G) — HY (T, Q) — H*(Tk, N) of pointed sets, see [Ser62, Chap. VII, Annexe, Prop. 2].
The properties of twisting are straightforward. U

(See [BST11, Theorem 1.1] for generalizations of Lemma 2.1 to non-abelian kernels.)
2.2. Unramified extensions. The maximal unramified extension of a local function field K" =
F,(T)) is K" = F,((T)), and that of a rational global function field K’ = F(T) is K" = F,(T") by
the Riemann-Hurwitz formula. In both cases, Gal(K"|K) ~ Gal(F,|F,) ~ Z is topologically

generated by the lift of the Frobenius automorphism z — 29 of F,|F,, so any continuous
unramified homomorphism 'k — G is determined by the image of this generator. Therefore,

’Homur(FK) G)‘ = ’G|7 (21)
and for any normal subgroup N of G, the natural map
Hom,,(T'x,G) - Hom,;(T'x, G/N) (2.2)

is surjective.
We also make explicit the way in which the local and global identifications of Z with the
Galois group of the maximal unramified extension are related:

Lemma 2.2. Let K = F,(T), and let p € Px. Under the identification of both sides with Z
the restriction map Gal(K"|Ky) — Gal(K"|K) coincides with multiplication by deg p.
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Proof. Both sides are identified with 7 by looking at how they act on ﬁq: the (topological)
generator of Gal(K"|K,) is the unique lift oy, of z — 2V ®) | and the generator of Gal(K"™|K)
is the unique lift of G5 :  — x9. The result follows as N(p) = q4°8P. O

2.3. Local—global principles for abelian p-extensions. Let K be either a local or a global
field, and let G be an abelian group.

Definition 2.3. Two homomorphisms p1, p2 € Hom(T'i, G) are unramified twists of each other
if they coincide when restricted to I'gur, or equivalently when p; — p2 € Homy, (I'ie, G). We call
inertial types the equivalence classes for this relation, i.e., the elements of the quotient group

I(K,G) := Hom(I'k, G) /Homur(rK,G)'

If K is a local function field or a rational global function field, Equation (2.1) shows that
each inertial type contains exactly |G| homomorphisms.
If K is a global function field, then restriction to ', for all p € Pk induces a homomorphism

I(K,G) —» P 1(%,,G) (2.3)
pEPK
which is injective, as by definition of K" any p € Hom(I'x,G) which is unramified at all
primes p € Pk factors through Gal(K"|K). In fact, class field theory implies the following:

Lemma 2.4. Assume that K = F,(T) is a rational global function field of characteristic p, and
that G is a finite abelian p-group.! Then, the map from Equation (2.3) is an isomorphism.

Proof. Class field theory (see e.g. [NSWO08, (7.2.11) and (8.1.26)]) describes T'3> as the profinite
completion of the quotient Ay /K>, where Aj is the group of ideles, and F%’p as the profinite

completion of K, ~ Z x Oy for any p € Pg. Thus, for any finite abelian group G, we have
bijections Hom(I'g, G) ~ Hom(Ay /K*,G) and, for any p € Pk:
Hom(T'k,, G) ~ Hom(K,,G) ~ Hom(Z,G) @ Hom(O,,G),
—_——

~Homuyr (FKp ,G)

whence Z(Ky, G) ~ Hom(O,', G). The idele class group fits into the exact sequence
0—=Fr —7Zx H Oy = A /K™ =0,
PEPK

where the rightmost term vanishes since K is a rational function field (the associated curve
is IE”Iqu, with trivial Pic?). Since G is a finite abelian p-group and p ¢ | |, we have isomorphisms

Hom(I'k,G) ~ Hom(Ax /K™, G)

po

~ Hom | Z x H Oy, G| ~ Hom(Z,G) & @ Hom(O,, Q)
——— N .
PePi ~ Homu(Tx,G) P75 L 7(k,.0)

whence Z(K, G) ~ P, Z(Ky, G). We omit the verification that this isomorphism coincides with
the map from Equation (2.3). O

(When K =Fy(T) and G = Z/pZ, Lemma 2.4 can be proved without any class field theory
by describing and comparing normal forms for elements of K /p(K) and of K, /p(K,), cf. [Pot26,
Proposition 5.2, Corollary 5.3, Remark 5.4]. A similar proof can be made for all finite abelian
p-groups G via Artin—Schreier—Witt theory.)

1t is enough to assume that G is a finite abelian group of order coprime to |F;| = ¢ — 1. The condition
that K is a rational function field can also be relaxed into the condition gcd(|PicO(X)‘, |G|) = 1, where X is the
nonsingular projective curve over F, associated to K (the normalization of ]P’]%q in Spec K).
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This allows for a simple proof of Theorem 1.1 when G is abelian: dividing the counts of homo-
morphisms by |G| (the number of unramified homomorphisms, cf. Equation (2.1)) means that
we are counting inertial types, for which we can apply the local-global bijection of Lemma 2.4.2

2.4. Inertial heights. Fix a finite group G and a field K which is either local or global.

Definition 2.5. An (additive) inertial height for G-extensions of K is amap ht: Hom(I'x, G) —
R>q satisfying the following properties:
(a) For any p € Hom(T'g, G) and any g € G, we have ht p = ht(gpg~!).
(b) We have ht p = 0 if and only if p € Hom,(I'x, G).
(c) The value ht p only depends on the restriction p|r, .. of p to I'gur.
(When K is a local field, I'xur is the inertia subgroup I'%.)
(d) For any v > 0, there are only finitely many p € Hom(I'g, G) with ht p < v.
(Property (d) is sometimes called the “Northcott property.”)

Assume that K is a global function field. For each p € Pk, let ht, be a local inertial
height for G-extensions of the completion K, and assume that there is a © > 0 such that all
the heights ht, take values in {0} U [, +00). Then, for any p € Hom(I'k,G), the number
hty(plry,) is well-defined by property (a) (cf. Subsection 1.4), and we define a global height
ht: Hom(I'k, G) — R by

ht p := Z degp - ht, (p|pr). (2.4)

pePK

(Only finitely many primes p are ramified, so almost all the terms of this sum are zero by
property (b). The Northcott property for the global height follows from the fact that only the
primes of degree < % can ramify in an extension of height < v, from the Northcott property for
the local heights hty, and from the fact that there are only finitely many separable extensions
of K of degree < |G| with bounded discriminant, cf. [Gos98, Theorem 8.23.5, 3.] or [Wonlb,
Ros17]. Therefore, ht is an inertial height for G-extensions of K.)

Assume that K is a local field. A classical example of an (additive) inertial height for G-
extensions of K is the discriminant exponent

+00 1
5(p) = |G| /_1 (1_W>dv € Zoo, (2.5)

which is such that ¢°() is the norm of the relative discriminant of the G-extension L|K associated
to p (an étale K-algebra of dimension |G|).> Over global function fields, the associated global
height is then the degree of the discriminant divisor.

2.5. The last jump. Let K be a local field, and let G be a finite group.

Definition 2.6. For any continuous map p: 'y — G satisfying p(1) = 1 (not necessarily a
group homomorphism!), we define the last jump of p as follows:

lastjump p := inf {v € Q>0 ‘ p(I'%) = 1} € R>o.

This number lastjump p is indeed finite: If lastjump p = +0o0, then the nested closed subsets
{7’ eIy } p(T) # 1} of 'k are non-empty for all v > 0. Since 'k is compact Hausdorff, their
intersection is also non-empty, hence contains some 7 € (,~, 'y = 1, contradicting p(1) = 1.

Note that lastjump p is unaffected when composing p with an automorphism of G, e.g., under
conjugation by an element of G. Moreover, lastjump p only depends on the restriction of p to

2This explanation might suggest that the factor ﬁ in Theorem 1.1 is simply identifying homomorphisms
coinciding on inertia. However, this interpretation is incorrect for non-abelian G: for a given p € Hom(T'k,, G),
there are not |G| homomorphisms sharing the same restriction to inertia, but only Centg(p(F?{p ))’

3This follows from [Ser62, Chap. IV, §1, Prop. 4] after converting to the upper numbering and taking the
norm. (We have f(L|K) - ‘p(l"(}()’ = |p(T'x)|, and multiplying the discriminants of the —<

o isomorphic field
factors of the étale K-algebra L yields the factor |G|.)
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the inertia subgroup I'%. For any two continuous maps p,p’: T'x — G with p(1) = p/(1) = 1,
denoting their pointwise product by p - p/, we have the “ultrametric inequality”

lastjump (p - p’) < max(lastjump p, lastjump p’) (2.6)

with equality whenever lastjump p # lastjump p'.

If p is a group homomorphism, then lastjump p = 0 if and only if p is at most tamely ramified,
ie., if p(I‘}{) = 1. When G is a p-group and K has residue characteristic p, this amounts to p
being unramified, and in that case lastjump: Hom(I'x, G) — Q>0 is an (additive, local) inertial
height. If moreover G is abelian, then the last jump is related to the conductor exponent by
the formula lastjump p = max(0, cond p — 1), and in particular it is an integer. For abelian G,
this height is also sometimes called the Artin-Schreier conductor.

2.6. Reminders on Artin—Schreier—Witt theory. In this section, we recall classical facts
about the explicit parametrization of finite abelian p-extensions in characteristic p. Let K be a
field of characteristic p, and consider a finite abelian p-group

T
G ~ H Z]p" L.

i=1
Although the class field theoretic description of F%}) leads to a description of Hom(I'x, G) for
local and global fields, we will need the explicit parametrization provided by Artin—Schreier—
Witt theory. We denote the ring of Witt vectors over K by W (K) and the ring of Witt vectors
of length n by W, (K). Let KP°f (resp. K#) be the perfect closure of K (resp. of K%P),
cf. [GS25, Subsection 2.3]. See G as a finite Z,-module, and define the W (KP°)-module

Gk :=G ®Zp W(errf) ~ H Wni (errf>.
=1

(The isomorphism Z/p™Z @ W (KPet) ~ W, (KP*) relies on the fact that KPP is a perfect
field. This is our reason not to instead use G ®z, W(K).) Any endomorphism of K induces an
endomorphism of Gk . For instance, the absolute Frobenius ¢: x +— P acts on Gk, and its fixed
points are exactly the elements of G ®z, W(F,) = G ®z, Z, = G. Similarly, for any Galois ex-
tension L|K, the group Gal(L|K) acts on G, and the fixed submodule is exactly G . Moreover,
HY(Tg, Gfsep) is the trivial group (this follows from the additive version of Hilbert’s Theorem
90). For reminders about Witt vectors and for the missing details, see [Bos18, Section 4.10]
and/or [GS25, Subsection 2.4].

We define the Zy-linear map p: Gx — Gk, © — o(x) — z, with ker p = G. The map p is
surjective when K is separably closed. As in Artin—Schreier theory, the short exact sequence

0 — G — Grser —— Gresep — 0
induces, in Galois cohomology, an exact sequence
HO(Tk,Ggser) —— HO(Tg,Ggser) — H' (T, G) —— HY(Tk, Greser)

Il Il Il Il
Gr 0 Gx Hom(Tg,G) —— 0

whence an isomorphism Hom(I'x, G) ~ Gk /p(Gk). Explicitly, the p € Hom(I'k, G) corre-
sponding to a coset [m] € G /p(Gk) is obtained by picking any g € p~!(m) C Ggser and by
letting p(7) := 7(g) — g. For details, one can check [GS25, Corollary 2.13].

2.6.1. Local Artin-Schreier extensions. Assume now that K = IF,((T")) is a local function field of
characteristic p. Recall that G is a finite abelian p-group. Let [T] € W (KP™) be the Teichmiiller
lift of the uniformizer 7, and let D° be the sub-W (F,)-module of W (KP) spanned by the
elements [T]™" for n € {0} UN\ pN. By [GS25, Lemma 3.4 (ii)] (see also [KS79, Theorem 3 (i)]),
every coset in G /p(G) intersects the following W (F,)-submodule of G

my, € Gy, = G @z, W(F,) for all n € {0} UN \pN}

0 _ -n
G @z, D" = {mo * z:NEN\JDN mn|T] my = 0 for almost all n



8 LIFTS OF UNRAMIFIED TWISTS AND LOCAL-GLOBAL PRINCIPLES

This leads to a refinement of the parametrization of elements of Hom(I'x, G):

Proposition 2.7. The isomorphism Hom(I'x,G) ~ Gk /o(Gk) described above induces group
isomorphisms

Hom (g, G) ~ G ® D° / o(Gp)  and  I(K,G)~GeD’ / G,
Moreover, the subgroup Homy, (I'x, G) of Hom(I'k, G) corresponds to Gr,/o(Gr,).

In other words, any given homomorphism p € Hom(I', G) corresponds to an element m that
we can pick in G ® DY, and the choice of m is almost unique: the elements m,, for n € N\ pN
are uniquely determined, and together they characterize the inertial type of p, whereas myq is
only unique modulo p(Gr,). Note that Gy, = G ® W (FF,) is a finite group. For more details,
see e.g. [GS25, Subsection 3.1].

Finally, we recall the description of the last jump for abelian p-extensions of local function
fields of characteristic p in terms of this refined parametrization:

Proposition 2.8 ([KS79, Theorem 5 (ii)]). Let p € Hom(T'g,G), and let m € G @ D° be such
that p(t) = 7(g) — g for any g € p~*(m). Then, writing m as

m = mo + Z mp|[T]™" with m, € G @ W(F,) almost all zero

neN\pN
and letting p,(n) == |{k >0 ‘ np® < v}|, we have
lastjump p = min {v € Z>g | Vn € N\ pN, pto+1(Mm, =0} € Zx. (2.7)

Proof. We can restrict our attention to a single cyclic factor of G, i.e., we can assume that G =
Z/pNZ, and then G ® W(F,) = Wx(F,). In the notation of [KS79], for any n € N\ pN
such that m,, # 0, the integer “I,” is N — vp(my,) (where v, is the p-adic valuation). [KS79,
Theorem 5 (ii)] implies the following formula for the last jump of p (which is zero if p is
unramified, and one less than the conductor otherwise):
n € N\ pN
my #0 '

In other words, for any v > 0, we have lastjump p < v if and only if np'»~! < v for all n € N\ pN
with m,, # 0. Fix n € N\pN. Note that, by definition, for any v, k € N, we have the equivalences

lastjump p = max <{0} U {npl"_1

k< pogr(n) €k —1< ppsr(n) ©np* ' <ot 1enp! <o,
so, for any k € N and n € N\ pN:
np'n Tl <v = I, < pr1(n) = vp(mn) > N — pyp1(n)
= vp(p" W) > N = p Wy, =0. O

Remark 2.9. When G = [F,, we recover a form of Artin—Schreier theory. We have G =
F, ® W(KPe!) = KPerf and Gr, = Fp @ W(F,) = Fy, so

my € Fy for all n € {0} UN\ pN

0 __ 0 __ —-n
GaD =F,aD = {mo + Z"GN\pN mn T my,, = 0 for almost all n

ber@.
Proposition 2.7 then says that we have isomorphisms
0 0
Hom(Ty F,) = Fp €D /o) and  I(K,F) =F®D° /5,

the subgroup Hom,(I'x,F,) of Hom(I'k,F)) corresponds to F,/p(F,), and Equation (2.7)
becomes (letting vy denotes the T-adic valuation)

lastjump p = min {v € Zx ’ Vn > v, my =0} = max(0, —vp(m))

which in particular always belongs to {0} UN\ pN.
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3. AN ABSTRACT LOCAL—GLOBAL PRINCIPLE

In this section, let K :=Fy(T") be a rational global function field of characteristic p, consider
a short exact sequence

l1—-N—G5Q—1

of finite p-groups with N C Z(G) and with @ abelian, and fix for each p € Px an (additive,
local) inertial height ht,: Hom(T'k,,G) — Rx>q for G-extensions of Kj,. The main result of this
section is the following abstract local-global principle, which will allow us to deduce Theorem 1.1
from Theorem 1.3:

Theorem 3.1. Assume that for each p € Pk the inertial height ht, satisfies the following
property: for any py,py € Hom(I'k,, Q) with p; — py € Homy(I'k,, Q) and for any v > 0, we
have

Hp & Hom(T',, G) ()

rop=p | _
At N

7r0p=p2}
ht, (p) = v

Then, for any (vy) € HpePK R>q such that vy = 0 for almost all p, we have:

€l !{p € Hom(T'k, G) ‘ Vp, htp(p\pr) = fup}‘
H Ié |pr € Hom(I'k,, G
PEPK

where the left-hand side and all the factors of the right-hand side are nonnegative integers.

Remark 3.2. By property (a) of inertial heights (see Definition 2.5), the left-hand side is inde-
pendent of the embedding 'k, < T'k corresponding to the choice of a prime P of K*P above p.
By property (b) and Equation (2.1), for primes p with v, = 0, the factor is 1. By property (d),
each factor is finite. Hence, the infinite product is well-defined.

We first deal with individual fibers of the surjection Hom(I'x, G) - Hom(I'k, Q):

Lemma 3.3. Fiz a p € Hom(I'k, Q). For any (vp) € [[,ep, R0 such that vy = 0 for almost
all p, we have

1 Top=p

— € Hom(I'x, G

[N {p Tx, ) 'Vﬂ hty (plry, ) :Up}’
1 Fopp:mFK
—|< pp € Hom(T'g, , G) »

FQK |N|H ’ (s hity (pp) = vy

where the left-hand side and all the factors of the right-hand side are nonnegative integers.

Proof. We first show that the restriction map

{p S HOHl(FK,G) | Wop:ﬁ} /Homur(rKaN)

— H’({pp € Hom(I'k,, G) | O Pp :ﬁ‘rxp}/Homur(pr,N))
pePx

is a bijection (the restricted product means that p, must be unramified for almost all p).
Indeed, use Lemma 2.1 to pick any pp € Hom(I'x, G) such that p = 7o pg. The other lifts of p
(resp. of plr, ) are the twists of py (resp. of po\er) by elements 6 € Hom(I'i, N) (resp. d, €
Hom(I'g,, N)). Via this description, the claim boils down to checking that the restriction map
I(K,N) — @, Z(Kp, N) is a bijection, which is exactly Lemma 2.4.



10 LIFTS OF UNRAMIFIED TWISTS AND LOCAL-GLOBAL PRINCIPLES

By property (c) of inertial heights, ht, is constant on each Homy,(I'g, N)-orbit (resp. on each
Homy, (I'k,, IV)-orbit), so the bijection above (the restriction map) induces a bijection

Top=7p
{petionti.0) |y 300075 o} omatrm

, TO pPp = ﬁ|1“1<
~ 11 <{”" <o, &) 00520 | fromari, v )>'

pEPK
If there is a p € Pk with v, = 0 such that p is ramified at p, then the condition ht, (p|pr) = U
(resp. hty (pp) = vp) is impossible for lifts of p (resp. of p|r K, )» 80 both sides are empty and the
result is obvious. Further, we assume that p is unramified at all primes p € Px with v, = 0.
In the restricted product, the primes p with v, = 0 can then be ignored: the corresponding py
are the unramified lifts of p|p Kp (which is unramified) by property (b) of inertial heights, hence

a single Hom,(I'k,, N)-orbit. Hence, ignoring the factors which are singletons, the restricted
product is simply a product over the finitely many primes p € Pg with v, # 0, for which
the corresponding factor is a finite set by the Northcott property. Hence, we have a bijection
between two finite sets. The equality between their sizes is precisely the desired equality (the
groups Homy, (I'x, N) and Homy (I'k,, V) have size |[N| by Equation (2.1), and the twisting
action is free). The left-hand side and the factors of the right-hand side are nonnegative integers
because they are counts of Homy, (I'x, IV)-orbits and Homy, (I'x, , IV )-orbits, respectively. O

Proof of Theorem 3.1. Splitting up the count into fibers, the left-hand side becomes

1 Top=7p
cH I',G
I Hp om(Tx >‘W7 htp@lrxp):vp}‘

peHom(T'k,Q)

:Iéﬂ S TI 1J{pp€fkmﬂer(%

p€Hom(T'k,Q) PEPK

O Py = ﬁ|FKp
hty(pp) = vp

} ‘ by Lemma 3.3

By the additional assumption (x) of Theorem 3.1, each summand depends only on the collection
of inertial types ([ﬁ|pr]) € @, Z(Ky,Q), and hence only on the inertial type [p] € Z(X, Q)
of p. Moreover, each inertial type contains exactly || homomorphisms by Equation (2.1), so
the left-hand side equals the following sum over inertial types:

> 1 1J{pp€}kmﬂFKﬂG) ”Opp:p“%{}

[PIET(K,Q) pEPK htp(pp) = vy

NI jV‘Hp,, € Hom(I'x, )

PEPK [py]€L(Ky,Q)

TrOpp:ppH by Lemma 2.4
hty (py) = vy Y

where the right-hand side again makes sense because of the assumption (x). By Lemma 3.3,
each summand of each factor is a nonnegative integer (and hence, so are the factors). Finally,

we obtain
1 1 '{ TOopy, =0
H Z |4 pp € Hom(I'x,, G) It _ P
PEPK ‘Q| PpEHom(I'k,,,Q) ‘N’ p(pp) Up
which is the right-hand side of Theorem 3.1 split into fibers. (]

4. LIFTING UNRAMIFIED TWISTS
In this section, we fix a local function field K = F,((T")) of characteristic p and a short exact
sequence
l1—-N—G5Q—1

of finite p-groups with N C Z(G) and @ abelian. Like in Subsection 2.6, seeing N and Q
as finite Zy-modules, we define the W (KP)-modules Nx := N @z, W(KP*) and Qg :=
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Q ®z, W(KP), and similarly the W (K®¢)-modules Ngser := N @ W(K*8) and Qgser :=
Q@ W(K8),

Our goal is to prove Theorem 1.3. In Subsection 4.1, we define the minimal lift height. In
Subsection 4.2, we extend the commutator bracket into an alternating W (K®#)-bilinear map
[—,—]: Q%(sep — Ngsep. Finally, in Subsection 4.3, we carry out the main construction of this
article (Lemmas 4.6 and 4.7), allowing us to prove Theorem 1.3.

For any p € Hom(I'x, Q) (resp. p € Hom(I'k,, Q)), a lift of p will always mean a homomor-
phism p € Hom(T'g,G) (resp. p € Hom(I'k,, G)) such that p = 7 o p. By Lemma 2.1, any p
admits a lift, and all lifts are obtained by twisting a fixed lift by homomorphisms valued in V.

In this section, if : 'y — IV is a continuous map, we let Oe: I‘%( — N be the 2-coboundary

Oe(11,m2) :=e(m1) + (m2) — e(T172)
so that de = 0 if and only if ¢ € Hom(I'k, N).

4.1. Minimal lifts. Fix a homomorphism p € Hom(I'k, Q).

Definition 4.1. The minimal lift height of p (with respect to the surjection 7: G — Q) is
p e Hom(F K, G)
Top=7 € Qxo.

The key to proving Theorem 1.3 will be to show that minlift 5 depends only on the inertial
type of p.
Proposition 4.2. We have minlift p > lastjumpp. If lastjumpp = 0, then minlift p = 0.
Proof. For any lift p € Hom(I'k, G) of p and for any v > 0, if p(I'};) = 1, then p(I'}) = 7(1) = 1.
Therefore, minlift p > lastjump p.

If lastjump p = 0, then p is unramified, so it has an unramified lift p by Equation (2.2), which
satisfies lastjump p = 0. O

minlift p := min {lastjump P ‘

We say that p is a minimal lift of p if lastjump p = minlift p. The following lemma states
some special properties of minimal lifts:

Lemma 4.3. Let p be a lift of p.
(i) If p is a minimal lift, then for any 6 € Hom(I'k, N) we have
lastjump (0 - p) = max(lastjump J, lastjump p).

(ii) If lastjump p is not an integer, or if N is elementary abelian and lastjump p is a multiple
of p, then p is a minimal lift.

Proof.

(i) If lastjump p # lastjumpd, then this directly follows from Equation (2.6), so we as-
sume that lastjump d = lastjump p. Equation (2.6) then implies that lastjump (9 - p) <
lastjump p. Since § - p is a lift of 5, we have by definition of the minimal lift height that
lastjump (0 - p) > minlift 5 = lastjump p.

(ii) Write p = §-pp for some minimal lift py and some 6 € Hom(I'g, N) (cf. Lemma 2.1). If p
is not minimal, then by (i) we have lastjump p = lastjump 6. However, since N is abelian
(resp. elementary abelian), the last jump of ¢ can only be an integer (resp. belong to
{0} UN\ pN), cf. Proposition 2.8 (resp. Remark 2.9). O

The following remark, about cohomological obstructions to embedding problems with re-
stricted last jump, will not be used in the paper:

Remark 4.4. We can interpret the question of determining minlift p as the study of embedding
problems not for representations of I'c (for which there is no obstruction by Lemma 2.1), but for
representations of the quotients I' /I'},. For any v > 0, the goal is then to say something about
the image of the projection map H'(I'x/T%,G) — HY(T'k/T%,Q). By [Ser62, Chap. VII,
Annexe, Prop. 2|, we have an exact sequence of pointed sets:

HY (T /T%, G) ™5 HY(Tk /T%, Q) = H2(T'x /T%, N).
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Hence, a given p € Hom(I'k, @) with lastjumpp < v satisfies minlift p < v if and only if A
vanishes at the corresponding element of H!(I'x/T'%, Q). More concretely, pick a 2-cocycle
c: Q> — N representing the class [c] € H?(Q,N) associated to the extension G, and let
Ac(p)(m1,72) = c(p(11),p(12)). We know that the 2-cocycle A.(p) is cohomologically triv-
ial in H2(T'x, N) = 0, so there is a map e: I'r — N such that A.(p) = Oe, and the question is
to determine whether we can choose ¢ such that it factors through I'x /T In other words, we
have the following formula for the minimal lift height:

e: T — N})

de=Acp)f )

For example, if G is the Heisenberg group H3(F,), fitting in a short exact sequence 1 — [F,, —
H3(F,) — F2 — 1, then the map A: H (FK/F”K,IF%) — H*(T' /T, F,), via the 1dent1ﬁcat10n
HI(I‘K/FK, F2) ~ HY (g /T%,Fp)?, is given by the cup-product, so studying the minimal lift
height for the surjection H3(F,) — IE‘IQ) amounts to studying the vanishing of cup-products
in the cohomology of 'k /I'};. Similarly, for the group U4(F,) of unipotent 4 x 4 upper-
triangular matrices over I, (of nilpotency class 3), studying the minimal lift height for the
surjection Uy(Fp) — Ff’, (reading the coefficients just above the diagonal) amounts to studying
the vanishing of triple Massey products in the cohomology of I'g /T

minlift p = max (lastj ump p, min {lastj ump €

Remark 4.5. When p > 3, we can deduce explicit equations characterizing minlift p from [GS25,
Theorem 3.20]. We will not use these characterizations in this paper.

4.2. Commutators. The commutator map G? — G, (z,y) — xyz 'y~ ! takes values in N
because @ is abelian, and factors through the surjection 7: G2 — Q% as N C Z(G), so we see it
as a map [—, —]: Q*> — N. This map is alternating ([z,z] = 0 for any = € Q) and Z,-bilinear,
i.e., biadditive. For instance, if x,y, z € G, then

[zy, 2] = zyzy el =2y, 2]z e = w2 2T [y, 2] = [, 2] [y, 2],
~—~—

€Z(@)

and additivity on the right is analogous. Thus, it is possible to bilinearly extend the map [—, —]
into a continuous W (K®#)-bilinear alternating map [—, —]: Q%., — Nigsep.

4.3. Non-abelian twisting. Consider two homomorphisms p,d € Hom(I'x,G). Let p:=mop
and 0 := m o § be the induced homomorphisms 'y — Q. Since Q is abelian, the sum § + p is
a group homomorphism, and an obvious continuous map I'x — G lifting 6 + 7 is the pointwise
product ¢ - p, which is generally not a homomorphism. However, by Lemma 2.1, we know that
there is a continuous homomorphism p’ € Hom(I'g, G) lifting & + p, i.e., there is a continuous
map ¢: I'x — N such that £ -6 - p is a homomorphism (take e := p’ - p~1-§71).

Lemma 4.6. Let c: 'k — N be a continuous map. Then, the map €-9 - p is a homomorphism
if and only if the equality Oz(71,2) = [0(72), p(T1)] holds in N for all 71,75 € T'ic. In particular,
this condition on € depends only on the reductions 6 and p.

Proof. This follows from the following computation, for any 71,7 € I'k:

(e-6-p)(mim2) = e(n172)d(T172)p(T172)
(11)e(72)0e(11, 72) " 6(71)0(72) p(71) p(72)
(1) e(72) Oe(r1,m2) " 6(71) [0(72), p(71)] p(71)d(72) p(72)
N~ N —m— S——
€Z(Q) €Z(Q) €Z(G@) €Z(@)
1

[0(2),p(T1)] - (- 8- p)(71) - (€6~ p)(72). O
By Artin-Schreier-Witt theory (cf. Subsection 2.6), we fix elements gz, g5 € Qpser such

that p(7) = 7(g5) — g5 and 6(1) = 7(g5) — g5 for all 7 € Tx. The elements m; = p(g5)
and mjy := p(g5) both belong to Q ® DY C Q.

Il
o

Il
o

(
= 86(7’1,7‘2)
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Lemma 4.7. Let m. := [my, g5 € Niser, let go € Ngser be such that p(g:) = me, and define
the continuous map €: ' — Ngsep by

e(1) :=7(g:) — g + [0(7), g5]-
Then:
(i) For any T € ', we have e(1) € N.
(i) For any 11,72 € 'k, we have 0e(11, 1) = [0(72), p(11)].
(iii) If 6 € Homy, (', Q), then lastjumpe < lastjump p.
Proof.
(i) To prove (1) € N = ker p, we show that p(7(g:) — g:) = ©([g5, 0(7)]):

9(7(ge) — ge) = 7(me) — me as p(ge) = me and o commutes with 7
= [mp, 7(95)] — [mp, g5 as m. = [mgp, g5] and mz € Qg
= [p(g5),0(7)] by bilinearity, using mz = p(g5) and 7(g5) — g5 = (1)
= [0(95),0(7)] — g, 0(7)] by bilinearity
= 0([g5.0(7)]) — g5, 0(7)] because 6(7) € Q
= 0([g5,0(7)])
(ii) For any 71,7 € 'y, we have

Oe(r1, 1) = e(m1) +e(m2) — e(m17m2)
=¢e(m) + 71(e(m2)) — e(m172) as e(m2) € N C Nk
= (11(ge) — g2) + 71(72(95) —ge) — (1172(9c) — 92)
=0
+[0(11), g5] + [0(72), 71 (95)] — [6(7172), g5] as 0(m2) € Q C Qk
= [6(72), 11(95)] — [6(72), g5] by bilinearity, as 6(m172) = 0(11) + 6(72)
= [S(Tg),ﬁ(ﬁ)] by bilinearity, as p(71) = 71(95) — gp-

(iii) Assume that § € Homy, (I'x, Q). By Proposition 2.7, we have ms € Qp, = QW (F,) C
Q @ W(F,), so g5 € Q@ W(F,). (p is surjective as an endomorphism of Q@ ® W (F,)
and has kernel Q C Q ® W(F,).) Our strategy to prove that lastjumpe < lastjumpp
is as follows: It suffices to compute lastjumpe in some unramified extension of K,
hence we can essentially assume that § = 0, and then ¢ is simply the homomorphism
T +— 7(g:) — ge associated to m. via Artin—Schreier theory, whose last jump is computed
using Proposition 2.8. To make this strategy precise, let ¢’ be a power of ¢ such that
g5 € QR W (Fy), and let K" :=Fy((T)). Since K'|K is unramified, for any v > —1, we
have I'},, = I'},. Write mz; € Q ® DO as

mp= Y mpaT]T" with {mpv EQ ® W(Fy) for al ne {ﬁ} UN\ pN
ne{0}UN\pN mpn =0 or almost all n

and let v := lastjump p. By Proposition 2.8, we have p“v“(”)mpm =0 for all n € N\ pN.
We have
o(9e) =me = [mp, g5l = Y [mpmrg5) - [T,
ne{0}UN\pN
which belongs to Q ®z, D° Qw(r,) W(Fy). Moreover, for any n € N\ pN, we have by
bilinearity:
P [mp . g5] = [P0 M mg i, gs] =0

so, by Proposition 2.8 applied over K’ (noting that T is still a uniformizer of K’
as K'|K is unramified), the homomorphism &’ € Hom (T g, N), 7+ 7(ge) — g satisfies
lastjump e’ < v. Since § € Homy,(I'x, Q), for any 7 in the inertia subgroup 'Y = I'%.,,
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we have §(7) = 0 and hence ¢(7) = 7(g.) — g = €'(7) by definition. Since the last jump
only depends on the restriction of € to inertia, we have lastjumpe = lastjumpe’ < v =
lastjump p. O

Finally, we prove Theorem 1.3:

Proof of Theorem 1.3. For i € {1,2}, pick a minimal lift p; € Hom(I'x, G) of p;. All lifts of p;
are twists of p; by elements 6 € Hom(I'g, N), and by Lemma 4.3 (i) we have lastjump(0 - p;) =
max(lastjump 6, lastjump p;). Therefore, for any v > 0, we have

Top=p;
lastjumpp = v
0 if v < minlift p;,
‘{5 € Hom(T'k, N) ’ lastjump § < v}‘ if v = minlift p;, (4.1)

Hp S HOm(FK, G)

‘{5 € Hom(I'k, N) ‘ lastjump § = v}‘ if v > minlift p,.

The right-hand side depends on p; only through minlift p;, so it suffices to show that minlift p, =
minlift p;. By symmetry, proving the inequality < suffices: we must construct a lift pf of py
with lastjump p) < lastjumpp;. Let § := py — p;. By assumption, d lies in Homy, (g, Q),
and thus has an unramified lift 6 € Hom(I'x,G) by Proposition 4.2. Let ¢ : 'y — N
be the continuous map defined in Lemma 4.7 (with p = p1, § = ¢). By Lemma 4.6 and
Lemma 4.7 (ii), the pointwise product py := e -§ - p; is a group homomorphism (and thus a
lift of py = & + p1). By Equation (2.6) and Lemma 4.7 (iii) (with Proposition 4.2), we have
lastjump ph, < max(lastjump e, lastjump 0, lastjump p; ) = lastjump(p1). O

Together with Theorem 3.1, Theorem 1.3 directly implies Theorem 1.1.

5. AN APPLICATION: COUNTING D4-EXTENSIONS OF Fy(T") IN CHARACTERISTIC 2

We consider the dihedral group Dy, of order 8 and nilpotency class 2, which is also the
1 Fa o 10 Fs

Heisenberg group ( 1 IFlg). Its center is Z(Dy) = ( 1o ) ~ [y, and the quotient Dy/Z(Dy)
is isomorphic to the abelian group F3. (The surjection 7: Dy — F3 is given by reading the two
coefficients directly above the diagonal.)

In this section, we describe the distribution of last jumps of elements of Hom(I'x, D4) when K
is either a local or a rational global function field of characteristic 2. (For p # 2, we have already
dealt with Heisenberg p-extensions in characteristic p in [GS25, Theorem 1.3].)

5.1. Local distribution. Fix a finite field F, of characteristic 2. Let K := F (7). For
any x € K, let w(z) := max(0, —vp(z)) where vy is the T-adic valuation. By Artin—Schreier
theory (see Remark 2.9), the elements of Hom(I'k,F2) are parametrized by elements of the set
DY =P, ruman FgI™" C Fo(T) (which was called Fp ® DY in Subsection 2.6); moreover,
the last jump of the element of Hom(I',Fs) corresponding to x € D° is w(x), two elements
z,2’ € DY correspond to the same element of Hom(T'k,F2) if and only if z — 2’ € p(F,), and
the unramified homomorphisms correspond to the elements of F, C D,

Proposition 5.1. Let a,c € D°. Let p € Hom(T'i,F3) be the homomorphism corresponding
to (a,c) via Artin-Schreier theory, i.e., the map T +— (T(a) — o, 7(y) —7) for any o € p~(a)
and v € p~Y(c). Then, the minimal lift height of p with respect to m: Dy — F3 is minliftp =
w(a) +w(e).

Proof. By Remark 2.9, we have lastjump p = max(w(a),w(c)). Write a = 3, croyumon anT ",
and ¢ = ) {O}UN\2N c,T™". By Theorem 1.3, minlift p is unchanged if we apply unrami-

fied twists to p, so we assume that ag = ¢g = 0. We now consider the possible inertia sub-
groups p(T'%) C IF?).
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If p(I'%) C 0@ Fo, then w(a) = 0, so ag = 0 implies a = 0, so we in fact have p(I'x) C 0@ Fo.
100
Consider the subgroup H := ( 1 IFlg) of Dy. In restriction to H, the map m is an isomorphism

H 5 0@ F,. Leti:0@®Fy 5 H be its inverse. Then, i o5 is a lift of p with same last
jump as p, namely max(w(a),w(c)) = w(c) = w(a) + w(c). Together with the inequality
minlift p > lastjump p of Proposition 4.2, this implies the claim. The case E(F%) CFy®0is
treated similarly.

If p(I'Y%) is the diagonal A ~ Fy in F3, then w(a —¢) = 0, so ap = ¢y = 0 implies a = c,
so p(I'k) is also the diagonal A. Any lift p of p must satisfy p(Tx) C 7 1(A) ~ Z/4Z.
Therefore, minlift 5 is also the minimal lift of p relative to the surjection Z/4Z — Fy ~ A, and
using Proposition 2.8 it is elementary to deduce that minlift p = 2lastjumpp = w(a) + w(c)
(a minimal lift is given by the Z/4Z-extension associated to Y [a,][T]|™™, where [a,] is the
Teichmiiller lift of a,, = ¢, in W (KPeT)).

We now focus on the remaining case ﬁ(F?{) = 2. As there are no proper subgroups of Dy
whose image under 7 is F3, this implies p(I'%;) = Dy for all lifts p of p, so any lift is surjective

and totally ramified. By [Ima25, Example 3.8.1] (see also [GS25, Subsections 2.2 and 3.1]),

L ’1’) € Hy(K) with b € DO,

Explicitly, letting g € H3(K*°P) be a matrix such that o(g)g~! = M, we have p(1) = g~ '7(g).
By Remark 2.9, w(a) and w(c) are both odd, so w(a)+w(c) is even. By Lemma 4.3 (ii), it thus
suffices to prove that some lift has last jump w(a) + w(c), and it will necessarily be minimal.
For any x = >, cipuman@nT ™" € DO, let o’ == TEE = — > neman n@nT " By [Ima25,
Example 3.8.1], we have a formula for lastjump p in terms of the parametrization above:

lifts p € Hom(I'i, Dy4) of p are parametrized by matrices M :=

lastjump p = max <w(b’ —ad), w(2a) + w(c), wéc) + w(a)). (5.1)
Take b = 0. Then, we have w(b' — ac’) = w(ad) = w(a) + w(d) = w(a) + w(c), and the two
other terms are < w(a) 4+ w(c), concluding the proof. O

The formula for minlift p given in Proposition 5.1 is invariant under adding elements of F, to a
or ¢: this is a concrete manifestation of Theorem 1.3. Another consequence of Proposition 5.1
(see also Lemma 4.3 (ii)) is that the last jump of any p € Hom(I'k, D) is an integer. (This was
already observed in [Eld23, Remark 1.7].)

Corollary 5.2. For each integer v > 0, we have

1 ifo=0
iHﬁ € Hom(T', F3) | minliftp = v}| = 2¢"5 (¢ - 1) ifve2N-1
vgiYg—1)? ifv e 2N,

Proof. By Equation (2.1), dividing by 4 = ‘F%‘ = |Homur(F K,F%)} amounts to counting the
inertial types of p, (for which minlift makes sense by Theorem 1.3, or directly by Proposition 5.1)
i.e., to counting pairs of elements a, ¢ of DY/F,. In other words, we only need to count choices of
ap, and ¢, for n € N\ 2N, and we ignore the number of choices for ag and ¢y (cf. Proposition 2.7).
By Proposition 5.1, we have minlift p = v if and only if w(a) + w(c) = v.

For v = 0, we get the unique unramified inertial type.

Assume that v is odd. Since w(a) and w(c) are either odd or zero, the only two possibilities
are that w(a) = v and w(c) = 0, or w(a) = 0 and w(c) = v. The number of x € DY/F, such
that w(z) = v is q%l(q — 1), giving the result in that case.

Assume now that v > 0 is even. The pair (w(a),w(c)) must be of the form (i,v — i) for some

odd 7 with 1 <4 < v — 1. For each such i (of which there are §), the number of corresponding
1—1

choices for (a,c) € (DY/F,)? is q%(q —1)-¢ 2z (¢g—1)=q2 Y (g—1)2 O

By combining the above corollary with the following lemma, one obtains exact counts for the
number of Dy-extensions of K = F,((T")) with a given last jump.
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Lemma 5.3. For each integer v > 0, we have

é‘{p € Hom(T'k, Dy) | lastjumpp < v}| = g2 Z %Hﬁ € Hom(T'k,F3) | minlift p = v'}|.

v'=0

Proof. Since Z(Dy) ~ Fy, it follows from Remark 2.9 that
1 . HnEN\2N’n§v}’ [v/2]
5 K, 4 > - = . .
2‘{6€Hom(f‘ Z(Dy)) | lastjumpd < v}| = ¢ =q (5.2)
We then have:
é Hp € Hom(T'k, Dy) | lastjump p < v}’

:é, 3

peHom(T k ,F2)

{p € HOHl(FK, D4)

Top=p
lastjumpp < v

1
) Z ‘{5 € Hom(I'k, Z(Dy)) } lastjump § < U}‘ by Equation (4.1)
peHom(I'k ,F3)
minlift p<v
=q"?1 i‘{ﬁ € Hom(I'k,F3) ‘ minlift p < UH by Equation (5.2)
"1
= g1 ;)4‘{p€Hom(FK,]F%) | minlift p = v'}|. O

5.2. Global counting. Now, fix a rational global function field K := F(T") of characteristic 2.
For any prime p € Pk, let kp := F aesp be the residue field of Op. For each prime p € Pk and
for all v € N, we define the number

1 .
Ap oy = g‘{p € Hom(T',, D4) | lastjump p = v}|.
Lemma 5.4. We have the following estimates:

apo =1, ap,1 = 2|rp|* + O]y ), apo = O(v]rp["*1).

Proof. First, we indeed have
1 .
ago = g’Homur(FprDél)‘ =1 by Equation (2.1).

For larger values of v, we use Lemma 5.3 and Corollary 5.2. The size of the residue field at p
(the “g” in the local estimates) is |k,|. We have

1
p,1 = g\{ﬂ € Hom(Ig,, D4) | lastjump p < 1}| —apo
1
= lrpl - Z %Hﬁ € Hom(T'g,,F3) | minliftp = o'}| — 1 by Lemma 5.3
v'=0

= |kl - (2(|kp| — 1) +1) = 1 = 2rp|* + O(|iy|) by Corollary 5.2.
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Finally, for arbitrary v:

app < é}{p € Hom(I'k,, D4) ‘ lastjump p < v}|

1
= \/{p””/ﬂ Z Z}{ﬁ € Hom(Ik,,F3) | minlift p = o'} by Lemma 5.3
v'=0
= "ip”v/ﬂ Z O(U/\F&p”v//zjﬂ) by Corollary 5.2
v'=0
- 0<‘,€p|fv/2lv|,{p|tv/2j+1)
= O(v|rp|"™). O

Using Theorem 1.1 and [GS25, Lemma 5.4], we obtain the following estimate for the distri-
bution of Dy-extensions of F,(T) ordered by their global last jump (cf. Equation (2.4)):

Theorem 5.5. There is a real number C > 0 such that for integers X — oo we have

{p € Hom(I'k, D) | 3 -pcp, degp - lastjump<p\pr> = X}‘ = CP¥* X 4 o(*FX).

Proof. Pick any ¢ € (0,1). Observe that we have ap, = O(v|#y|"T') = O(|ry| 1+ +1). More-
over, if v > 2, then

1 1+1 2 241
(Ltep+l+ T A N S
v

v 1

Therefore, in the notation of [GS25, Lemma 5.4], we have S = {1}, A = % =3, B =2,
M =1, and the hypothesis “(5.4)” is satisfied. We have

1 .
§H’0 € Hom(T'x, D) | Y pep, degp - lastjump(p|r,,) = X}

1 .
= > 5 {p € Hom(T'x, Da) | ¥p,lastjump(plryg, ) = vy }|
(vp)€ll, Z>o
>pdegpop=X

= Z H p.v, by Theorem 1.1
(vp)€ll, Z50 P

>y degpuop=X
= CP%X + o(** X) by [GS25, Lemma 5.4]
for some 1-periodic function C': Q/Z — R>o with C(0) > 0. Restricting to integers X (the only
possibility), C' is thus a positive real constant. O

6. ON (THE FAILURE OF) GENERALIZATIONS OF THEOREM 1.1

In this section, we discuss the possibility of generalizing Theorem 1.1. In Theorem 6.2, we
show that, for extensions ramified at a single prime of degree ¢ pN, there is a local-global
bijection valid for all finite p-groups, without reference to any specific inertial height. In Propo-
sition 6.4, we give a counterexample to the naive generalization of Theorem 1.1 to discriminants.
We leave for future work the study of statements in the spirit of Theorem 1.1 for groups of higher
nilpotency class and/or over non-rational base fields.

Before diving in, we state a version of Lemma 2.1 with restricted ramification, which we use
in the proofs of Theorem 6.2 and of Proposition 6.4:

Lemma 6.1. Let K =Fy(T) be a rational function field of characteristic p. Consider a short
exact sequence 1 — N — G 5 Q — 1, and assume that N C Z(G) is a finite abelian p-group.
Let S be a set of primes of K, and let p € Hom(I'k, Q) be unramified outside S. Then, there
exists a lift p € Hom(I'i, G) of p which is unramified outside S, and all such lifts are exactly
the homomorphisms of the form ¢ - p where 6 € Hom(I'i, N') is unramified outside S.
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Proof. By Lemma 2.1, we can pick a lift pg € Hom(I'x,G) of p. The restriction ﬁ\pr €
Hom(I'g,, @) is by assumption unramified for every p ¢ S, so by Equation (2.2) it has an
unramified lift to G, which must be the twist ¢, - polpr € Homy,(I'g,, G) of p0|pKP by some
gp € Hom(I'k,, N). By the local-global principle for abelian extensions (Lemma 2.4), there is
some ¢ € Hom(T'k, N) such that E‘FKP -ep_l € Hom(I'k,, N) is unramified for all p ¢ S. Then,
the lift p:=¢- pp € Hom(I'k, G) of p is unramified outside S.

By Lemma 2.1, all other lifts of p are of the form ¢ - p with § € Hom(T'x, N). Clearly, such
a lift is unramified outside S if and only if ¢ is. O

6.1. Extensions ramified at a single prime of degree not divisible by p. Let K = F (T,
and let p be a prime of K of degree not divisible by p. In Theorem 6.2, we establish a local—
global principle for finite p-extensions of K unramified outside p of arbitrary nilpotency class.
This means that the case “vqy = 0 whenever q # p” of Theorem 1.1 is much easier to prove and
valid in much more generality. The reason is that in this case we do not have to deal with the
indeterminacy in Lemma 2.4: by adding a global unramified homomorphism, we can always
prescribe the unramified behaviour at p of any global extension exactly.

Theorem 6.2. Let G be any finite p-group. Then, the restriction map
{p € Hom(I'x, G) | p unramified outside p} — Hom(T'x,, G)
s a bijection.

Proof. We prove this by induction on |G|. The case |G| = 1 is trivial, so we assume that G # 1
and that the result holds for p-groups of size < |G|. The non-trivial p-group G has a non-trivial
center, so pick a central subgroup N C Z(G) with N ~ [,. By the induction hypothesis, the
result holds for G/N, so we can reason in a given fiber: we fix a p € Hom(I'x, G/N) unramified
outside p, and we have to show

{pEHom(FK,G) pmod V= p

p unramified outside p} = {'0 € Hom(FKP’ G) | pmod N = p|FKp} :
(6.1)
Use Lemma 6.1 to pick a lift pg € Hom(I'ir, G) of p which is unramified outside p. The lifts
of p that are unramified outside p are exactly the d - pp with 6 € Hom(I'x, N) unramified
outside p. Similarly, the lifts of p|p, ~are of the form 6 - po[r,, with 6 € Hom(I'x,, N). Hence,

Equation (6.1) reduces to proving
{6 € Hom(T'g, N) ’ 6 unramified outside p} ~ Hom(I'g,, N).

Recall that NV ~ [F),. By Lemma 2.4, we know this bijection modulo unramified homomorphisms.
Hence, it is enough to prove that the restriction map Homy, (I'g,F,) — Homy, (I'k,,Fp) is a

bijection. We have Gal(K"|K) =~ 7 and, for the same identification, Gal(K"|Ky) ~ degp - Z
(cf. Lemma 2.2). Recall that degp is coprime to p (i.e., invertible in F),), so indeed the restriction

map Hom(i7 [F,) — Hom(degp - ZIFP) is bijective. O

Remark 6.3. Another way to state Theorem 6.2 is that the injection I', < T'x induces an
isomorphism between the Galois group of the maximal p-extension of K, and the Galois group
of the maximal p-extension of K unramified outside p. The latter group is pro-p, hence pro-
nilpotent, so that isomorphism can also be established by checking the surjectivity at the level
of their abelianizations (cf. [MKS04, Lemma 5.9]), which follows via class field theory from the
surjectivity of the map Z, — Z,, x — degp - x. This yields an alternative proof.

6.2. A counterexample for the discriminant exponent. Let K = F,(T) be a rational
function field of characteristic p # 2. In Proposition 6.4, we give a counterexample to the
naive generalization of Theorem 1.1 in which the last jump is replaced with the discriminant
exponent §, defined in Equation (2.5).

Observe that the local-global principle (for discriminant exponents, or for any inertial height)
does hold for abelian p-extensions by Lemma 2.4, and for p-extensions ramified at a single
prime of degree coprime to p by Theorem 6.2. Therefore, in order to construct a “minimal”
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counterexample, we pick a prime p € Pg of degree p, and we consider the smallest possible
1F, F
non-abelian p-group G := H3(F,) = P ]Ff; . We will witness a failure of the local-global
1
principle for the elements of Hom(I'x, G) that are unramified outside p.
The smallest possible local discriminant exponent at p leading to a ramified extension is

1 1
2p2(p—1)=p3-/ <1—>dv,
-1 p

for which the only possibility is that the inertia subgroup has size p, and that the last jump
is 1. We shall see that the number of global G-extensions of K unramified outside p with that
behavior at p is in fact always larger than the number of local G-extensions of K, with that
behavior, contradicting the analogue of Theorem 1.1 with last jump replaced by discriminant
exponent.

The reason for this difference is that the Frobenius elements are very constrained in the local
case (they must lie in the normalizer of the inertia subgroup, which has size p? for all possible
inertia subgroups of size p except Z(G)), whereas in the global case the Frobenius element
at p is automatically trivial by Lemma 2.2 as degp = p and G has exponent p, so there is no
constraint and we can pick the Frobenius element freely in G (giving p* choices).

We let N := Z(G) = (1 ??) and Q = G/N ~ IF?). We denote as usual by 7: G — @ the

canonical surjection (reading the two coefficients just above the diagonal).

Proposition 6.4. Let K =F,(T) be a rational function field of characteristic p # 2, let p be a
prime of degree p of K, and let G = H3(F,). On the local side, we have

[{p € Hom(Tk,,G) | 6(p) = 20*(p— V)}| = p*(p + 2)(¢" — 1)
whereas, on the global side,

3(plry,) = 2p*(p — 1)

H r
‘{p € Om( K> G) P unramified outside p

H =p’(0* +p+1)(¢" - 1).
Proof. As we have seen, the constraint on the discriminant at p means (both locally and globally)
that |p(F?{p)] = p, and that the last jump at p must be 1.

We first count (simultaneously in the local and the global case) the number of p (unramified
outside p) for which p(F%p) = N, with last jump 1 (at p). The corresponding Q-extension p :=
mop must be unramified. Fix an unramified Q-extension p (by Equation (2.1), there are |Q| = p?
choices for p, both locally and globally), and pick an unramified lift of p (Proposition 4.2). Via
twisting, the number of choices for p in the fiber above p is seen to equal the number of N-
extensions with last jump 1 (at p, unramified outside p), which is p(¢” — 1) by Lemma 6.5 below
(with A = B = N). Therefore, both locally and globally, the count for the case p(F%p) =N
is p° (g — 1).

The other possibility is that I := p(F?(p) is some other subgroup of order p of G. Then, L :=
n(I) is a line in Q ~ F2 (it is non-trivial because I # N, and it has order < |I| = p). We
fix such a line L C F}% (there are p + 1 choices for L). The number of subgroups I C G of
order p such that w(I) = L is p (the subgroup 7 ~!(L) has order p? since ker 7 = N has size p,
so 7 (L) ~ F2 and we are again picking a line in F2, but that line must not be N). We fix
such a subgroup I, and we count the G-extensions p (unramified outside p) with last jump 1
(at p) for which p(l“%p) = I. The claim will follow if we show that there are p?(¢? — 1) such p
locally, and p?(gP — 1) such p globally.

Any p satisfying p(F%p) = I must satisfy p(I'x,) € 7 '(L) (otherwise, 7(p(T'x,)) = Q
and then p(I'x,) = G, contradicting the fact that the inertia subgroup I is a normal sub-
group). Therefore, counting the possible local p € Hom(I'k,,G) actually means counting
the p € Hom(T'k,, 7 (L)) with p(F(}(p) = I and lastjump p = 1. (Recall that 7~ (L) ~ F3.)
By Lemma 6.5 below (with A = 7~1(L), B = I), there are p(¢” — 1) such p.
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We now count the global p € Hom(I'k, G), unramified outside p, with last jump 1 at p,
satisfying p(F(I](p) = I. By Lemma 6.5 below (with A = Q, B = L), there are p?(¢? — 1)
homomorphisms p € Hom(I'k, @) unramified outside p with ﬁ(F?{p) = L and with last jump 1
at p. Fix one such p, and use Lemma 6.1 to lift p into a pp € Hom(I'k, G) unramified outside p.
Our goal is to show that there are exactly p homomorphisms ¢ € Hom(I'x, N) unramified
outside p with lastjump(( - p0)|er) =1 and (0 - po)(I‘(}(p) = I, i.e., that there is a unique
inertial type of such § (we have |[N| = p). By Lemma 2.4, it suffices to count the inertial
types of 0 locally at p. The map pmod L: 'y — @Q/L is unramified (as ﬁ(F(}(q) is trivial for
q # p and is L for £ = p), so factors through I'x /T jur ~ Z. Similarly, the map ﬁ|pr mod L
factors through I'r, /T’ Ky =~ degp - 7= pz (cf. Lemma 2.2)—the corresponding induced map
is the restriction to pz of the map 7 — Q@/L induced by p mod L, but @)/L has exponent p, so
plry, mod L = 0. This proves that p(I'x,) = L. Now, m induces an isomorphism [ = L. Call
its inverse s. A lift py € Hom(I'k,, G) of p|r, satisfies pp (F%p) = [ if and only if it coincides
with s o ﬁ|pKp in restriction to Fg(p—it then automatically has last jump equal to 1 as this
is the last jump of p at p. This means that the only allowed local inertial type for [§ |pr] is

[(Soﬁ‘FKp) 'p61|FKP]' O
Lemma 6.5. Let A>T}, and let B C A be a subgroup of A of order p. Then
p(I,) = B p(T%,) =B
. . _ p
p € Hom(I'g, A) | p unramified outside p p| = '{p € Hom(T'g,, 4) lastjump(p\er) _ 1}‘

lastjumpp =1
=p"(¢" - 1).

Proof. Both locally and globally, each inertial type has size |A|, and at the level of inertial types
we have the local-global bijection of Lemma 2.4, so it suffices to show that there are g — 1 local
inertial types. By Remark 2.9, the inertial types [p] € Z(K,, A) with last jump 1 correspond to
elements m; € (A®@Fg) \ {0}. The condition p(F?(p) = B means that p mod B is unramified,
i.e., m; mod (B ® Fgr) = 0, so the inertial types that we are counting are in fact parametrized

by elements m; € (B ® Fgp) \ {0} = Fy;,, of which there are ¢? — 1. O
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