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Abstract. We study n-flimsy spaces, which are the topological spaces that remain connected when
removing fewer than n points but become disconnected when removing exactly n points. We show
that no such space exists for n ≥ 3, and that the compact 2-flimsy spaces are precisely the dense and
order-complete cyclically ordered sets equipped with their order topology. Furthermore, we examine
variants of the definition obtained by replacing connectedness by path-connectedness, where paths
are either parametrized by [0, 1] or by arbitrary compact linear continua.
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1. Introduction

1.1. Context

A classical argument showing that R is not homeomorphic to Rd for d > 1 goes as follows: when
removing any single point, the space R becomes disconnected, whereas Rd stays connected. Mean-
while, the circle S1 remains connected when removing a single point, but becomes disconnected when
removing any two distinct points. How unique is this property? Does it generalize to more points
than two? To study these questions, we make the following definition:

∗Department of Mathematics and Statistics, McGill University. Email: robin.khanfir@mcgill.ca
†Universität Paderborn, Fakultät EIM, Institut für Mathematik, Warburger Str. 100, 33098 Paderborn, Germany.

Email: bseguin@math.upb.de.

1



Definition 1.1. Let n ∈ N. A topological space X is n-flimsy if |X| > n and if, for any subset S ⊆ X,
the set X \ S is connected whenever |S| < n and is not connected whenever |S| = n.

For instance, the real line R is 1-flimsy, and the circle S1 := R/Z is 2-flimsy. On the other hand,
when d ≥ 2, the spaces Rd and Sd are not n-flimsy for any n. Flimsiness is a topological invariant of
a space.

In the literature, 1-flimsy spaces have been studied under the name cut-point spaces, cf. [HB99].
It has been shown that there are no compact cut-point spaces, and that there is a specific countable
cut-point space that is minimal in a certain sense, the Khalimsky line. Other examples of 1-flimsy
spaces include any topological tree without leaves,1 two copies of the topologist’s sine curve glued
back to back (a non-path-connected example), and the long line (more generally, any linear continuum
without ends, cf. Corollary 2.5).

There has also been previous work on 2-flimsy spaces (under the name cut∗ spaces) and n-flimsy
spaces (under the name cut(n)-spaces) in the articles [PH08, PC13]. There, it was shown that there
are no locally compact n-flimsy spaces when n ≥ 3 (a result that we improve in Theorem 1.3) and
that all n-flimsy spaces are Hausdorff when n ≥ 2 (a result that we recover in Proposition 4.3).
The term flimsy spaces was coined in a 2018 math.stackexchange question by user “Babelfish”, who
explicitly raised the question of the existence of a 3-flimsy space (which we answer in Theorem 1.3).2

Besides the circle, examples of 2-flimsy spaces include a non-compact variant of the Warsaw circle
(Example 4.4), as well as the (non-path-connected) one-point compactification of the long line (more
generally, any big circle, see Definition 2.6 and Proposition 2.7). However, we shall see that 2-flimsy
spaces are less diverse than cut-point spaces: they are all somewhat circle-like.

Other notions of connectedness. Besides the usual notion of connectedness, the definition of
flimsy spaces naturally extends to any other notion expressing the idea of “being in one piece”. In
this paper, we consider two variants. The first is the standard notion of path-connectedness, requiring
that any two points be joined by a path—a continuous map from the standard interval [0, 1]. The
second, called big-path-connectedness, allows paths parametrized by longer intervals. More precisely,
a big path is a continuous map whose domain is a big interval—a totally-ordered set that is compact
and connected when equipped with the order topology (Definition 2.1). This terminology is borrowed
from [CC00, Pen16], where big paths are used to extend homotopy theory to spaces that are “so
large” that paths and homotopies parametrized by [0, 1] do not adequately capture their geometry.

Definition 1.2. Let n ∈ N. A topological space X is n-(big-)path-flimsy if |X| > n and if, for any
subset S ⊆ X, the set X\S is (big-)path-connected whenever |S| < n and is not (big-)path-connected
whenever |S| = n.

1.2. Main results

Our first main result is the following theorem, answering the original question of Babelfish:3

Theorem 1.3 (cf. Theorem 3.12 and Propositions 4.1, 5.1 and 6.2). Let n ≥ 3 be an integer. There
are no n-flimsy spaces, no n-big-path-flimsy spaces, and no n-path-flimsy spaces.

Since there are no n-flimsy spaces when n > 2, and since 1-flimsy spaces (cut-point spaces)
are already well-studied, the remainder of the article is devoted to 2-flimsy spaces and to their

1In particular, the number of connected components of the space obtained after removing a single point may depend
on the point. In Proposition 3.9 (iii), we will see that 2-flimsy spaces are more constrained.

2See https://math.stackexchange.com/questions/2939445/flimsy-spaces-removing-any-n-points-results-in-disco
nnectedness for the original question. See also https://math.stackexchange.com/questions/3044369/more-on-flims
y-spaces for a version taking higher homotopy groups into account.

3We have formalized our proof that there are no 3-flimsy topological spaces in the Lean proof assistant, available
at https://beranger-seguin.fr/dmi/flimsy/flimsy.lean.
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classification. The first non-trivial properties of 2-flimsy spaces that we prove are that the 2-flimsy
spaces are exactly the T1 spaces in which the complement of any connected subset is connected
(Corollary 3.7), and that removing any two distinct points always leaves exactly two connected
components (Proposition 3.9 (iii)). The same properties hold for 2-(big-)path-flimsy spaces, replacing
the notion of connectedness everywhere appropriately.

A key fact for the classification of 2-flimsy spaces is the following connection between all 2-flimsy
spaces and compact 2-flimsy spaces.

Theorem 1.4 (proved in Section 4). Let (X, τ) be a 2-flimsy topological space. Then, X is Hausdorff,
and there exists a unique topology τK on X coarser than τ such that (X, τK) is a compact 2-flimsy
space. Namely, τK is the topology generated by the connected components of the subsets X \ {x, y}
as (x, y) ranges over all pairs of distinct points of X. Furthermore, (X, τ) and (X, τK) have the same
connected subsets and the same open connected subsets.

For 2-big-path-flimsy spaces, we obtain a dual statement in which the roles of compactness and
Hausdorffness are swapped.

Theorem 1.5 (proved in Section 5). Let (X, τ) be a 2-big-path-flimsy topological space. Then, X is
compact, and there exists a unique topology τH on X finer than τ such that (X, τH) is a Hausdorff
2-big-path-flimsy space. Namely, τH is the topology generated by the big-path-connected components
of the subsets X \ {x, y} as (x, y) ranges over all pairs of distinct points of X. Furthermore, (X, τ)
and (X, τH) have the same big-path-connected subsets and the same big paths.

We have an exactly analogous statement for path-connectedness.

Theorem 1.6 (proved in Section 6). Let (X, τ) be a 2-path-flimsy topological space. Then, X is
compact, and there exists a unique topology τH on X finer than τ such that (X, τH) is a Haus-
dorff 2-path-flimsy space. Namely, τH is the topology generated by the path-connected components of
the subsets X \ {x, y} as (x, y) ranges over all pairs of distinct points of X. Furthermore, (X, τ)
and (X, τH) have the same path-connected subsets and the same paths.

The next step is to classify compact 2-flimsy spaces and Hausdorff 2-(big-)path-flimsy spaces.
This is done by relating them to order theory. The following theorem vastly generalizes [Wil70,
Theorem 28.14], which deals with the special case of metric spaces:

Theorem 1.7 (proved in Section 7). Let X be a topological space. Then, the following assertions are
equivalent. Furthermore, if they hold, a subset of X is connected if and only if it is big-path-connected.

(i) The space X is compact and 2-flimsy.

(ii) The space X is Hausdorff and 2-big-path-flimsy.

(iii) The space X is 2-flimsy and 2-big-path-flimsy.

(iv) The space X is a big circle (cf. Definition 2.6).

Although Theorem 1.7 gives a classification of compact 2-flimsy spaces and of Hausdorff 2-big-
path-flimsy spaces in terms of the order-theoretic notion of linear continuum (cf. Definitions 2.1
and 2.6), it should be noted that the list of linear continua depends heavily on the specific axioms
chosen for set theory, cf. [Jec67].

In contrast, the catalog of Hausdorff 2-path-flimsy spaces is reduced to a single reference object:

Theorem 1.8 (cf. Theorem 6.3). Any Hausdorff 2-path-flimsy space is homeomorphic to the standard
circle S1.
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The assumptions of our theorems are minimal, and the three different notions of 2-flimsiness are
generally independent of one another. Indeed, Example 4.4 exhibits a non-compact 2-flimsy space (a
variant of the Warsaw circle), which is thus neither 2-big-path-flimsy nor 2-path-flimsy. Moreover,
we prove in Example 5.3 that keeping only the co-countable open subsets in the topology of S1

yields a non-Hausdorff 2-big-path-flimsy space, which is thus not 2-flimsy. While it turns out that
this particular example is also 2-path-flimsy (see Example 6.4), we obtain many 2-big-path-flimsy
spaces that are not 2-path-flimsy using Theorems 1.7 and 1.8, such as the big circles that come
from extended long lines (see also Proposition 8.1). Constructing a 2-path-flimsy space that is not
2-big-path-flimsy is more complex. This is the purpose of Section 8, which does so by endowing S1

with a highly pathological topology defined using a map that, loosely speaking, visits every place of
the circle at every moment. The construction of that map relies on a generalization of Bernstein sets
for products of topological spaces (Theorem 8.2), which may be of independent interest.

1.3. Connectivity spaces, informally

In fact, a significant part of our work studies Definitions 1.1 and 1.2 in a unified way, using an
axiomatic notion of connected subsets that encompasses connectedness (Proposition 4.1), big-path-
connectedness (Proposition 5.1), and path-connectedness (Proposition 6.2). This notion of connec-
tivity spaces may be of independent interest—we present it in detail in Subsection 3.1. It consists of
the four following axioms (see Definition 3.1 for a more formal description):

(C1) any singleton is connected;

(C2) any union of non-disjoint connected subsets is connected;

(C3) if removing a point x from a connected subset A disconnects it, then A remains connected
upon removing any of the connected components of A \ {x};

(C4) if A and B are two connected subsets whose union is also connected, then there are two
possibilities: either there is a point x ∈ A ∪ B such that both A ∪ {x} and B ∪ {x} are
connected (a “button”), or there is a connected subset S ⊆ A ∪ B whose intersection with A
or with B is not connected (a “seam”). (This is a weak converse to axiom (C2).)

Illustration of the axioms. The following figure illustrates axiom (C3):

C1

C2 C3

x

Figure 1: In this example, removing x yields three components C1, C2 and C3, and indeed removing Ci

(for any i ∈ {1, 2, 3}) does not disconnect the figure.

The next two figures illustrate the two situations that axiom (C4) allows:
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A Bx

Figure 2: A “button” situation.

A B
S

Figure 3: A “seam” situation. The red (dotted) region A consists of the bottom horizontal edge
together with the red vertical stripes, and the blue (non-dotted) region B consists of the top edge
together with the blue vertical stripes. If the red and blue stripes alternate “densely often” and
we are thinking in terms of (big-)path-connectedness, then it is impossible to find a button as in
Figure 2, but a seam S does indeed exist.

Comparison of connectivity spaces with other notions. Previous definitions for connectivity
spaces have been proposed and studied in [Bör84, Ser98, MB06, Dug10] among others; see [SS15] for
a general survey. However, our specific collection of axioms seems original: it is weaker than that
of a “connectology” as defined in [MB06] (our third axiom (C3) is weaker than their axiom (iv),
and our fourth axiom (C4) is weaker than their axiom (iii)), but stronger than that of an “integral
connectivity space” as defined in [SS15] (where our third and fourth axioms are not mentioned). The
reason for our choices is to ensure that topological spaces equipped with their (big-)path-connected
subsets are connectivity spaces, while retaining the ability to establish the key properties of flimsy
spaces (see also Remark 3.15).

1.4. Outline

In Section 2, we recall definitions of standard order-theoretic structures, the connections between
them, and some of their elementary properties related to flimsiness; we also define big circles and
big-path-connected spaces. In Section 3, we introduce our axiomatic notion of connectivity spaces,
we study 2-flimsy connectivity spaces, and we show that there are no n-flimsy connectivity spaces
when n ≥ 3 (Theorem 3.12). In Section 4, we specialize the results of Section 3 to the usual notion
of connectedness to prove Theorem 1.4. In Section 5 and Section 6, we similarly deal with big-path-
connectedness and path-connectedness, and we prove Theorems 1.5, 1.6 and 1.8. In Section 7, we
unify various “circle-like structures” by explaining how 2-flimsy connectivity spaces can be equiva-
lently described through the lens of topology or of order theory, and we prove Theorem 1.7. Finally,
in Section 8, we construct a 2-path-flimsy space which is not 2-big-path-flimsy.
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2. Preliminaries

2.1. Linear continua, big intervals, big paths

A (strictly) ordered set (X, <) is a linear order if the strict order < is total, dense if |X| ≥ 2
and if whenever x < y there exists z ∈ X with x < z < y, and order-complete if any non-empty
subset S ⊆ X with an upper bound admits a supremum. We say that a linear order (X, <) is without
ends if X has neither a minimum nor a maximum, and with ends if X has both a minimum and a
maximum. The open intervals of X are the sets of the following forms: (x, y) :=

{
z ∈ X

∣∣∣ x < z < y
}

,
(−∞, y) :=

{
z ∈ X

∣∣∣ z < y
}

, (x, +∞) :=
{

z ∈ X
∣∣∣ x < z

}
, (−∞, +∞) := X. The order topology

of (X, <) is the topology on X generated by the open intervals.

Definition 2.1. A topological space X is a linear continuum if its topology is the order topology
associated with some dense order-complete linear order on X. A big interval is a linear continuum
associated with a dense order-complete linear order with ends.

Big intervals generalize the standard interval [0, 1] ⊆ R. As such, big intervals induce a generalized
notion of path-connectedness as follows:

Definition 2.2. Let X be a topological space. For any points x, y ∈ X, a big path (on X) from x to y
is a continuous map γ : L → X, where L is a big interval, mapping the minimum and the maximum
of L to x and y, respectively. The space X is big-path-connected if for any two points x, y ∈ X, there
is a big path from x to y. (Note that ∅ is big-path-connected.)

Let us briefly discuss some properties of big-path-connectedness (see also Section 5). The notion
of two points being joinable by a big path defines an equivalence relation on points of X—transitivity
follows from the possibility of concatenating two big intervals L1 and L2 by identifying the maximum
of L1 with the minimum of L2. Moreover, for any continuous map f : X → Y and any big path
γ : L → X on X, the composition f ◦ γ : L → Y is a big path on Y . It follows that the image of a
big-path-connected space under a continuous map is also big-path-connected.

The following proposition gathers some basic properties of linear continua.

Proposition 2.3. Let X be the linear continuum associated to some dense order-complete linear
order < on X. Then, the following properties hold:

(i) The space X is Hausdorff.

(ii) The connected subsets of X are exactly the intervals4 of (X, <). In particular, X is connected.

(iii) The open connected subsets of X are exactly the open intervals of (X, <).

(iv) The compact connected subsets of X are exactly the closed intervals, i.e., the subsets of the
form [a, b] :=

{
z ∈ X

∣∣∣ a ≤ z ≤ b
}

for some a, b ∈ X. In particular, X is compact if and only
if (X, <) has both a minimum and a maximum, i.e., if X is a big interval.

Proof. These facts are classical; cf. [Mun00, Theorem 24.1, Theorem 27.1]. The proofs are straight-
forward adaptations of the corresponding proofs in the classical special case X = R.

These facts allow us to relate big-path-connectedness and connectedness:

Corollary 2.4. Any big-path-connected space is connected, and any linear continuum is big-path-
connected. In a linear continuum, a subset is big-path-connected if and only if it is connected.

4The intervals are the subsets of one of the forms (a, b), [a, b), (a, b], [a, b] where a, b ∈ X ∪ {±∞}.
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Proof. By Proposition 2.3 (ii), any big interval is connected, so the image of any big path is connected
as the continuous image of a big interval. Therefore, any big-path-connected space is connected: it
is the union of the images of all the big paths starting from a common (arbitrary) basepoint.

Now, consider a linear continuum X. For any a, b ∈ X with a < b, the interval [a, b] is a big
interval, so the identity map [a, b] → [a, b] is a big path joining a to b. Thus, every linear continuum
is big-path-connected.

The last point follows from the first two: we have shown that all big-path-connected subsets are
connected, and by Proposition 2.3 (ii), any connected subset of a linear continuum is an interval;
hence, it is itself a linear continuum, so it is big-path-connected.

Finally, from the description of the (big-path-)connected subsets of linear continua (Proposi-
tion 2.3 (ii) and Corollary 2.4), we easily deduce the following:

Corollary 2.5. Any linear continuum without ends is 1-flimsy and 1-big-path-flimsy.

2.2. Big circles

In the same way that big intervals generalize the segment [0, 1], we can generalize the standard circle
by identifying the two ends of a big interval:

Definition 2.6. A big circle is a topological space obtained by identifying the minimum and the
maximum of a big interval, equipped with the quotient topology.

Big circles are the flagship examples of 2-(big-path-)flimsy spaces:

Proposition 2.7. Any big circle is Hausdorff, compact, 2-flimsy and 2-big-path-flimsy.

Proof. Let X be a big circle. By definition, there exists a dense order-complete linear order (X̃, <)
with ends (denoted 0̃ = min X̃ and 1̃ = max X̃) such that X is the quotient of X̃ identifying 0̃
and 1̃ (we denote by e their common image in X). In particular, since X̃ is compact, connected,
and big-path-connected by Proposition 2.3 and Corollary 2.4, so is its image X under the continuous
surjection π : X̃ ↠ X. Similarly, the images of the intervals (0̃, 1̃), [0̃, x), and (x, 1̃] under π are
connected and big-path-connected for all x ∈ (0̃, 1̃). Thus, the sets X \ {e} = π

(
(0̃, 1̃)

)
and X \

{π(x)} = π
(
[0̃, x)

)
∪ π

(
(x, 1̃]

)
are connected and big-path-connected.

Now, observe that if an open subset Ũ of X̃ either avoids or contains {0̃, 1̃}, then π−1(π(Ũ)) = Ũ ,
so π(Ũ) is open in X. This observation implies that X inherits the Hausdorff property from X̃.
Moreover, for any x, y ∈ X̃ with 0̃ < x < y < 1̃, it implies that the subsets π

(
(x, y)

)
and π

(
(−∞, x)∪

(y, +∞)
)
, and π

(
(0̃, x)

)
and π

(
(x, 1̃)

)
are all open in X. When π(x) ̸= π(y), it follows that X \

{π(x), π(y)} is not connected as the disjoint union of two non-empty open subsets. It is not big-
path-connected either, thanks to Corollary 2.4.

2.3. Cyclic orders, separation relations

The main results of this article deal with relating 2-flimsy spaces to certain order-theoretic structures.
Since a 2-flimsy space (just like the ordinary circle) has neither a canonical distinguished “point at
infinity” nor a canonical “sense” (or orientation), it is more natural to use a notion of order that is
less conventional than linear orders, namely separation relations. In this subsection, we recall known
facts about these relations and explain how they are related to linear orders.

Cyclic orders. Let X̃ be a linear order with ends (denoted 0̃ and 1̃), and let X be the quotient
set obtained by identifying 0̃ and 1̃ into a single point, denoted by e. Then, X is equipped with a
cyclic order [−, −, −], induced by the order of X̃: the ternary relation [x, y, z] must be understood as
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meaning “when rotating positively around X starting from x, we encounter y before z”. Concretely,
if x, y, z are distinct points of X \ {e}, we have

[x, y, z] when
(
x < y < z

)
or

(
z < x < y

)
or

(
y < z < x

)
. (2.1)

x y z

x

y z

e

z x y

x

y z

e

y z x

x

y z

e

Figure 4: The three possible meanings of [x, y, z] when x, y, z ∈ X \ {e}.

The definition when one of x, y, or z is e is analogous: the three relations [x, y, e], [y, e, x] and [e, x, y]
are all equivalent to x < y. The notion of cyclic orders can be axiomatized without reference to
linear orders (cf. [Hun35, 3.]), and conversely any cyclic order induces a linear order by picking an
arbitrary point e and by cutting at that point. More precisely:

Theorem 2.8 ([Hun35, Paragraphs 1.2 and 2.1]). Any (total) cyclic order is induced from a linear
order with ends using the procedure described in Equation (2.1). Moreover, two linear orders with
ends induce the same cyclic order if and only if they are cyclic rearrangements of each other.5

Separation relations. Cyclic orders come in pairs: if [−, −, −] is a cyclic order, the opposite
cyclic order [−, −, −]op is defined by the equivalence [x, y, z]op ⇔ [z, y, x]. In order to specify a cyclic
order without choosing a sense (that is, a pair of two opposite cyclic orders), we use the notion of
separation relations (also called point-pair separations). We refer to [Hun35, 4.] for a reference on
these relations. We interpret separation relations in terms of “intersecting chords”, as this will be
a more natural way to think about them when relating them to 2-flimsy spaces—consequently, the
notation “ABCD” in [Hun35] corresponds to {A, C}⊥{B, D} in our framework.

Definition 2.9. Let X be a set. A chord {a, b} is an unordered pair of distinct points a, b ∈ X. We
denote by Chords(X) the set of all chords of X.

Definition 2.10. A separation relation on X is a binary relation ⊥ on Chords(X) such that:

(S1) ⊥ is a symmetric relation: {a, b}⊥{c, d} ⇔ {c, d}⊥{a, b}.

(S2) For all a ∈ X and b, c ∈ X \ {a}, we have {a, b} ̸⊥ {a, c}.

(S3) If a, b, c, d are four distinct points of X, exactly one of the following holds:

{a, b}⊥{c, d}, {a, c}⊥{b, d}, {a, d}⊥{b, c}.

For example, in the drawings below, only the chords {a, c} and {b, d} intersect.
5Let X be a linear order with minimum y+ and maximum y−. A cyclic rearrangement of X is a linear order of the

form {x+} ⊔ (x, y−) ⊔ {y} ⊔ (y+, x) ⊔ {x−} for some point x ∈ X \ {y+, y−} (the order on the disjoint union is the
concatenation of the respective orders, where summands are read from left to right)—the two ends y+ and y− have
been merged into a single point y, and the point x has been split into two ends x+ and x−.
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a

b
c

d

a

b
c

d

a

b
c

d

(S4) For any five distinct points a, b, c, d, e of X, either none or exactly two of the following hold:

{a, b}⊥{c, d}, {a, b}⊥{d, e}, {a, b}⊥{c, e}.

Below, we depict on the left a situation where none of the properties hold, and on the right a
situation where both {a, b}⊥{c, e} and {a, b}⊥{d, e} hold.

a

b

c
d

e a
b

c
d

e

Any cyclic order [−, −, −] on a set X induces a natural separation relation ⊥ on X, defined as
follows (cf. [Hun35, Paragraph 1.5]):

{a, b}⊥{c, d} when
(
[a, c, b] and [b, d, a]

)
or

(
[a, d, b] and [b, c, a]

)
. (2.2)

Theorem 2.11 ([Hun35, Paragraph 4.2]). Any separation relation is induced from a cyclic order us-
ing the procedure described in Equation (2.2). Moreover, two cyclic orders induce the same separation
relation if and only if they are equal or opposite.

2.4. Intervals, denseness, order-completeness of separation relations.

Let (X, ⊥) be a set equipped with a separation relation.

Definition 2.12. An open interval of (X, ⊥) is a set of one of the two forms

I̸∋c(a, b) :=
{

d ∈ X \ {a, b, c}
∣∣∣ {a, b}⊥{c, d}

}
or I∋c(a, b) :=

(
X \ {a, b}

)
\ I ̸∋c(a, b),

where a, b, c ∈ X are distinct. We call I̸∋c(a, b) and I∋c(a, b) the open intervals between a and b.

For distinct a, b, c ∈ X, note that c /∈ I̸∋c(a, b) and c ∈ I∋c(a, b). Moreover, axiom (S4) implies
that for any d ∈ I̸∋c(a, b) we have I∋c(a, b) = I ̸∋d(a, b).

Definition 2.13. The order topology of (X, ⊥) is the topology on X generated by the open intervals.

Definition 2.14. We say that (X, ⊥) is dense if |X| ≥ 2 and if for any {a, b} ∈ Chords(X) there
is a {c, d} ∈ Chords(X) such that {a, b}⊥{c, d}. By axiom (S4), assuming that |X| ≥ 3 (which is a
necessary condition), this is equivalent to all open intervals being non-empty.

We say that (X, ⊥) is order-complete if, for any open interval I, the union of any non-empty
chain of open intervals contained in I is an open interval.

Observing what intervals become under the equivalences of Theorems 2.8 and 2.11, we obtain:
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Proposition 2.15. Assume that |X| ≥ 3. Let (X̃, <) be a linear order with ends inducing the
separation relation ⊥ on X via the equivalences of Theorems 2.8 and 2.11, and let π : X̃ ↠ X
be the natural surjection identifying both ends of X̃. Then, for any a, b ∈ X̃ such that a < b and
π(a) ̸= π(b), the open intervals of (X, ⊥) between π(a) and π(b) are exactly π

(
(a, b)

)
and X \π

(
[a, b]

)
.

Corollary 2.16. Assume that |X| ≥ 3 and that (X̃, <) is a linear order with ends inducing the
separation relation ⊥ on X via the equivalences of Theorems 2.8 and 2.11. Then:

• (X, ⊥) is dense if and only if the linear order (X̃, <) is dense.

• (X, ⊥) is order-complete if and only if the linear order (X̃, <) is order-complete.

Proof. The first point readily follows from Proposition 2.15. For the second point, observe that
for any subset S of X̃, for any s0 ∈ S, and for any s+ ∈ X̃ with s0 ≤ s+, the set S admits s+
as its supremum if and only if ⋃

s∈S [s0, s) = [s0, s+). Likewise, for s− ∈ X̃ with s− ≤ s0, S
admits s− as its infimum (namely, s− is the supremum of the set of lower bounds of S) if and only
if ⋃

s∈S(s, s0] = (s−, s0]. Then, the second point follows easily from Proposition 2.15.

We recall a standard result about the comparison of Hausdorff and compact topologies. This fact
is used several times throughout the paper.

Lemma 2.17. Let X be a set and let τ1, τ2 be two topologies on X such that (X, τ1) is Hausdorff
and (X, τ2) is compact. If τ1 ⊆ τ2, then τ1 = τ2.

Proof. Since τ1 ⊆ τ2, the identity map of X is a continuous bijection from the compact space (X, τ2)
to the Hausdorff space (X, τ1). Hence, it is a homeomorphism by [Wil70, Theorem 17.14], which
means that τ1 = τ2.

Using this fact, we conclude this section with a characterization of big circles:

Theorem 2.18. A topological space (X, τ) is a big circle (Definition 2.6) if and only if there is a
dense and order-complete separation relation ⊥ on X such that τ is the order topology of (X, ⊥).

Proof. Using the definition of big circles on the one hand, and the equivalences of Theorems 2.8
and 2.11 together with Corollary 2.16 on the other hand, this reduces to the following claim: for any
dense and order-complete linear order (X̃, <), with ends 0̃ and 1̃, letting X be the quotient of X̃
obtained by identifying 0̃ and 1̃ and letting ⊥ be the dense order-complete separation relation on X
induced by < (cf. Equations (2.1) and (2.2) and Corollary 2.16), the order topology τ1 of (X, ⊥) (Def-
inition 2.13) coincides with the quotient topology τ2 on X induced by the order topology of (X̃, <).
We shall prove that τ1 = τ2 by using Lemma 2.17.

First, we know from Proposition 2.7 that the big circle (X, τ2) is compact.
Second, if x, y ∈ X are distinct, then by density there exists {w, z} ∈ Chords(X) such that

{x, y}⊥{w, z}, which lets us observe that x ∈ I∋x(w, z) and y ∈ I̸∋x(w, z) by axiom (S1). Since the
open intervals I∋x(w, z) and I ̸∋x(w, z) of (X, ⊥) are disjoint, it follows that (X, τ1) is Hausdorff.

By Lemma 2.17, the claim then reduces to verifying that τ1 ⊆ τ2, i.e., that all open intervals
of (X, ⊥) belong to τ2. This is a consequence of Proposition 2.15. Indeed, for any a, b ∈ X̃ such that
a < b, (a, b) avoids the ends of (X̃, <) so the inverse image under the natural projection π : X̃ ↠ X
of π

(
(a, b)

)
is (a, b), which is open. Depending on whether {a, b} contains one of the ends of (X̃, <),

the inverse image of X \π
(
[a, b]

)
is either (−∞, a)∪ (b, +∞) or (0̃, a) or (b, 1̃), which are all open.

3. Flimsy connectivity spaces

In this section, we prove key properties of 2-flimsy spaces, using our axiomatic notion of connected
subsets. Notably, we show that:
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(Corollary 3.7) 2-flimsy spaces can be equivalently characterized as those T1 spaces in which the
complement of any connected subset is connected.

(Proposition 3.9 (iii)) The complement of any pair of two distinct points of a 2-flimsy space has
exactly two connected components.

(Theorem 3.12) There are no n-flimsy spaces for any integer n ≥ 3.

(Corollary 3.14) The connected subsets of a 2-flimsy space X are exactly the following: ∅, X,
singletons and their complements, and subsets of the form C, C ∪ {x}, C ∪ {x, y} for some pair
of distinct points x, y ∈ X and some connected component C of X \ {x, y}.

3.1. Connectivity spaces

Whether a topological space X is n-flimsy only depends on the set of its connected subsets, which is
less information than the full topological structure. In order to prove things in more generality, we
reason just in terms of connected subsets—this will allow us to treat the case of connectedness and
(big-)path-connectedness in a unified manner. To this end, we use the following axioms:

Definition 3.1. A connectivity space is a pair (X, C) where X is a set and C is a set of parts of X
satisfying the following properties (we say that C is a connectivity on X).

(C1) For any x ∈ X, we have {x} ∈ C.

(C2) For any C ⊆ C, if ⋂
C ̸= ∅, then ⋃

C ∈ C. (In particular, ∅ ∈ C.)

(C3) For any Y ∈ C and any x, y ∈ Y , the subset C := ⋃ {
Z ∈ C

∣∣∣ y ∈ Z and Z ⊆ Y \ {x}
}

satisfies
Y \ C ∈ C.

(C4) For any non-empty A, B ∈ C such that A ∪ B ∈ C, at least one of the following holds:

(i) there exists x ∈ A ∪ B such that A ∪ {x} ∈ C and B ∪ {x} ∈ C; or
(ii) there exists S ∈ C with S ⊆ A ∪ B such that S ∩ A /∈ C or S ∩ B /∈ C.

We shall see in Proposition 4.1 (resp. in Proposition 5.1, in Proposition 6.2) that any topological
space together with the set of its connected subsets (resp. its big-path-connected subsets, its path-
connected subsets) is a connectivity space. Axiom (C4) is not used in Subsections 3.2 and 3.3—in
particular, there are no 3-flimsy connectivity spaces even if one does not require axiom (C4).

Let (X, C) be a connectivity space. We say that a subset Y ⊆ X is C-connected when Y ∈ C. Any
subset Y ⊆ X is equipped with a canonical structure of connectivity subspace, namely (Y, C ∩P(Y )).
Axiom (C2) implies that Y can be partitioned into its (well-defined) maximal C-connected subsets,
which we call the C-components of Y . With that terminology, axiom (C3) says that if C is a C-
component of Y \ {x}, and if Y is C-connected, then Y \ C is C-connected. For any y ∈ Y , we define
C∋y(Y ) := ⋃ {

Z ∈ C
∣∣∣ y ∈ Z and Z ⊆ Y

}
, which is the C-component of Y containing y, and we let

C ̸∋y(Y ) := Y \ C∋y(Y ) be its complement (which is not C-connected in general).

Lemma 3.2. Let (X, C) be a connectivity space, and consider two subsets Z ⊆ Y ⊆ X. Any C-
component of Y that is contained in Z is a C-component of Z.

Proof. This follows directly from the definitions (a C-component is a maximal C-connected subset,
and any C-connected subset of Z is in particular a C-connected subset of Y ).

Definition 3.3. A connectivity space (X, C) is T1 when for any distinct x, y ∈ X, we have {x, y} /∈ C.

Definition 3.4. Let n ∈ N. A connectivity space (X, C) is n-flimsy if |X| > n and if, for any
subset S ⊆ X, we have (X \ S) ∈ C whenever |S| < n and (X \ S) /∈ C whenever |S| = n.
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3.2. Properties of 2-flimsy connectivity spaces

In this subsection, we fix a 2-flimsy connectivity space (X, C). For any subset S ⊆ X, the notation S∁

always refers to the complement X \ S of S in X.

Lemma 3.5. Let x, y ∈ X, and let C be a C-component of {x, y}∁. Then, the three sets {x}∁ \ C,
{y}∁ \ C, and C∁ are C-connected.

Proof. If x = y, then C = {x}∁ because {x, y}∁ = {x}∁ is C-connected, and the claims are clear by
axiom (C1). We now assume that x ̸= y. Applying axiom (C3) in the C-connected subset {x}∁

yields that {x}∁ \ C is C-connected. The same holds for {y}∁ \ C by symmetry. Moreover, we have
{x, y}∁ \ C ̸= ∅ (indeed, {x, y}∁ is not C-connected, unlike C), so {x}∁ \ C and {y}∁ \ C intersect,
and their union C∁ is C-connected by axiom (C2).

Proposition 3.6. For any C-connected subset A ⊆ X, its complement A∁ is also C-connected.

Proof. We assume that A ̸= ∅ and that A ̸= X, as the result is clear otherwise. Fix arbitrary
elements z ∈ A and y ∈ A∁. We begin by proving the identity

A =
⋂

x∈A∁

C∋z({x, y}∁). (3.1)

Indeed, let B be the right-hand side. We have A ⊆ B because, for any x ∈ A∁, the set A is a
C-connected subset of {x, y}∁ containing z, hence is contained in C∋z({x, y}∁). Conversely, if x ∈ A∁,
then x /∈ C∋z({x, y}∁), so x /∈ B. Thus, A∁ ⊆ B∁, completing the proof of Equation (3.1).

Taking complements, Equation (3.1) implies that

A∁ =
⋃

x∈A∁

(X \ C∋z({x, y}∁)).

By Lemma 3.5, all the summands in this union are C-connected. Since they all contain y, their
union A∁ is C-connected by axiom (C2).

This yields a characterization of 2-flimsy connectivity spaces:

Corollary 3.7. A connectivity space (X, C) with at least 3 points is 2-flimsy if and only if it is a T1
space whose collection of C-connected subsets is closed under complement.

Proof. By Proposition 3.6, in a 2-flimsy space, complements of C-connected subsets are C-connected,
so we show the equivalence under that hypothesis. We can then take complements in the definition
of flimsy spaces: the space X is 2-flimsy if and only if ∅ is C-connected (automatically true by
axiom (C2)), {x} is C-connected for any x ∈ X (automatically true by axiom (C1)), and {x, y} is not
C-connected for any two distinct x, y ∈ X (which is the definition of T1 spaces, cf. Definition 3.3).

Note also the following corollary:

Corollary 3.8. Let A, B be two C-connected subsets of X. If A∪B ̸= X, then A∩B is C-connected.

Proof. By Proposition 3.6, both A∁ and B∁ are C-connected. Moreover, their intersection is non-
empty, so their union A∁ ∪ B∁ is C-connected by axiom (C2). Using Proposition 3.6 again, we find
that A ∩ B is C-connected.

Proposition 3.9. Let x, y ∈ X be distinct, and let C be a C-component of X \ {x, y}. Then:

(i) the subsets C ∪ {x} and C ∪ {y} are C-connected;
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(ii) the subset C ∪ {x, y} is C-connected;

(iii) the subset {x, y}∁ has exactly two C-components.

Proof. Recall that {x, y}∁ has at least two C-components as (X, C) is 2-flimsy. That {x, y}∁ has
exactly two C-components will follow if we show that the subset {x, y}∁ \ C = (C ∪ {x, y})∁ is
C-connected, which by Proposition 3.6 reduces to (ii). Moreover, (ii) will follow from (i) using
axiom (C2) since C ∪ {x, y} = (C ∪ {x}) ∪ (C ∪ {y}) and C ̸= ∅. Since the two cases of (i) are
symmetric, we focus on proving that C ∪ {x} ∈ C. By Proposition 3.6, it suffices to show that the
subset (C ∪ {x})∁ = {x}∁ \ C is C-connected, which is part of Lemma 3.5.

An immediate consequence of Proposition 3.9 (iii) is the following fact:

Corollary 3.10. For any three distinct points x, y, z ∈ X, there is a unique C-component of {x, y}∁

that does not contain z. In other words, C̸∋z({x, y}∁) is non-empty and C-connected—it is the C-
component of {x, y}∁ not containing z.

Finally, we prove a converse to Proposition 3.9 (ii):

Lemma 3.11. Let x, y be distinct points of X, and let C be a C-connected subset of {x, y}∁ such
that C ∪ {x, y} is C-connected. Then, C is a C-component of {x, y}∁.

Proof. Since C ∪{x, y} is C-connected, so is its complement C ′ by Proposition 3.6. We have {x, y}∁ =
C ⊔ C ′, where C and C ′ are disjoint and are both C-connected, so C and C ′ are exactly the two
C-components of {x, y}∁ (cf. Proposition 3.9 (iii)).

3.3. There are no 3-flimsy connectivity spaces

We now prove Theorem 1.3 for general connectivity spaces:

Theorem 3.12. For any n ≥ 3, there are no n-flimsy connectivity spaces.

Proof. Since removing any point from an n-flimsy space (for n ≥ 3) yields an (n − 1)-flimsy space,
it suffices to prove the claim for n = 3. Let (X, C) be a 3-flimsy connectivity space, let a, b, c

be distinct points of X, and let C be a C-component of {a, b, c}∁ = {c}∁ \ {a, b} = {a}∁ \ {b, c}.
Applying Proposition 3.9 in the 2-flimsy spaces {c}∁ and {a}∁ respectively, we see that C ∪ {a, b}
and C ∪ {c} are C-connected. Note that C ⊊ {a, b, c}∁ as {a, b, c}∁ is not connected by hypothesis,
so we may pick a point e ∈ {a, b, c}∁ \ C. The subset C ⊆ {a, b, e}∁ is C-connected, and C ∪ {a, b} is
C-connected, so Lemma 3.11 applied in the 2-flimsy space {e}∁ implies that C is a C-component of
{e}∁ \ {a, b} = {a, b, e}∁. But C ∪ {c} ⊆ {a, b, e}∁ is also C-connected, contradicting the maximality
of C-components.

3.4. C-connected subsets of 2-flimsy connectivity spaces

In this section, we fix a 2-flimsy connectivity space (X, C), and we characterize the C-connected
subsets of X in terms of the C-components of the complements of pairs of distinct points of X.

Proposition 3.13. For any C-connected subset C ⊆ X such that |C| ≥ 2 and |C∁| ≥ 2, there exist
distinct x, y ∈ X such that C ∩ {x, y}∁ is a C-component of {x, y}∁.

Proof. If there are two distinct x, y ∈ C∁ such that C∪{x, y} is C-connected, then the set C∩{x, y}∁ =
C is a C-component of {x, y}∁ by Lemma 3.11. Similarly, if there are two distinct x, y ∈ C such
that C∁ ∪ {x, y} is C-connected, then C∁ is a C-component of {x, y}∁, and then so is C ∩ {x, y}∁
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by Corollary 3.10. Thus, we can assume in the following that there is at most one x′ ∈ C∁ such
that C∪{x′} is C-connected, and at most one y′ ∈ C such that C∁∪{y′} is C-connected. Since |C| ≥ 2
and |C∁| ≥ 2, we can then pick elements u ∈ C and v ∈ C∁ such that C ∪ {v} and C∁ ∪ {u} are not
C-connected. We denote by Dx and Dy the two C-components of {u, v}∁.

The set Dx ∪ {u} is C-connected by Proposition 3.9 (i). Moreover, neither C nor Dx ∪ {u}
contains v, so Corollary 3.8 implies that A := C ∩ (Dx ∪ {u}) = (C ∩ Dx) ∪ {u} is C-connected.
Symmetrically, we get that B := C∁ ∩ (Dx ∪ {v}) = (C∁ ∩ Dx) ∪ {v} is C-connected. Furthermore,
observe that A ∪ B = Dx ∪ {u, v} is C-connected by Proposition 3.9 (ii).

Now, we apply axiom (C4) to A and B. In the conclusion of the axiom, case (ii) is impossible:
for any C-connected subset S ⊆ Dx ∪{u, v}, neither A nor B nor S meets Dy (which is non-empty as
a C-component of {u, v}∁), so S ∩ A and S ∩ B are C-connected by Corollary 3.8. We are therefore in
case (i): there exists an element x ∈ Dx ∪ {u, v} such that (C ∩ Dx) ∪ {u, x} and (C∁ ∩ Dx) ∪ {v, x}
are C-connected. By symmetry, there also exists y ∈ Dy ∪ {u, v} such that (C ∩ Dy) ∪ {u, y} and
(C∁∩Dy)∪{v, y} are C-connected. Taking the respective unions, it follows from axiom (C2) that the
sets (C ∩ {u, v}∁) ∪ {u, x, y} = C ∪ {x, y} and (C∁ ∩ {u, v}∁) ∪ {v, x, y} = C∁ ∪ {x, y} are C-connected.

We now show that x ̸= y. Indeed, if x = y, then x would belong to both Dx ∪ {u, v} and
Dy ∪ {u, v}, so it would have to be equal to either u or v. One of the sets C ∪ {v} or C∁ ∪ {u} would
then be C-connected, contradicting the choice of u and v.

Taking the complements of C ∪ {x, y} and C∁ ∪ {x, y} and using Proposition 3.6, we get that
C∩{x, y}∁ and C∁∩{x, y}∁ are C-connected. Since they are two disjoint C-connected subsets of {x, y}∁

that cover it, they are the two C-components of {x, y}∁ (cf. Proposition 3.9 (iii)).

Corollary 3.14. The C-connected subsets of X are exactly the following: ∅, X, singletons and their
complements, and subsets of the form C, C ∪ {x} or C ∪ {x, y} for some distinct points x, y ∈ X

and some C-component C of {x, y}∁.

Proof. By axioms (C1) and (C2), singletons and ∅ are C-connected. By definition of 2-flimsy spaces
(Definition 3.4), X and complements of singletons are C-connected. For any distinct x, y ∈ X and
any C-component C of {x, y}∁, the sets C, C ∪ {x} and C ∪ {x, y} are C-connected by definition
of C-components and by Proposition 3.9. Conversely, if D is a C-connected subset, we deduce
from Proposition 3.13 that either |D| ≤ 1, or

∣∣∣D∁
∣∣∣ ≤ 1, or there exist distinct x, y ∈ X and a

C-component C of {x, y}∁ such that C ⊆ D ⊆ C ∪ {x, y}.

Remark 3.15. Proposition 3.13 and Corollary 3.14 need not hold when (X, C) does not satisfy ax-
iom (C4). Indeed, consider the following counterexample (due to Fabian Gundlach): X = Q/Z,
and C consists of intersections of connected subsets of R/Z (for the usual topology) with Q/Z. Then,
(X, C) satisfies axioms (C1), (C2), and (C3), and (1,

√
2) ∩ Q/Z is a C-connected subset of X, but

it is not of the desired form as
√

2 /∈ Q/Z.
A useful consequence of Corollary 3.14 is that distinct 2-flimsy connectivities are incomparable:

Corollary 3.16. Let C1, C2 be two connectivities on X such that (X, C1) and (X, C2) are 2-flimsy. If
C1 ⊆ C2, then C1 = C2.

Proof. Thanks to Corollary 3.14, it suffices to prove that for any distinct x, y ∈ X, the C1-components
of {x, y}∁ coincide with the C2-components of {x, y}∁. By Proposition 3.9 (iii), {x, y}∁ has exactly
two C1-components. These two subsets partition {x, y}∁ and are C2-connected (as C1 ⊆ C2). Again by
Proposition 3.9 (iii), it follows that these two subsets are in fact the two C2-components of {x, y}∁.
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3.5. The separation relation associated to a 2-flimsy connectivity space

Let (X, C) be a 2-flimsy connectivity space. In order to relate X to order-theoretic structures,
we must construct such a structure using only the C-connected subsets of X. To this end, we
equip X with a relation ⊥C (which will be shown to be a dense order-complete separation relation
in Proposition 3.20) in the following way:

Definition 3.17. If {a, b} and {c, d} are chords of X, with a, b, c, d four distinct points, we say that
{a, b}⊥C{c, d} if c and d are in distinct C-components of X \ {a, b}.

By definition of ⊥C , for any three distinct points x, y, z ∈ X, the open interval I̸∋z(x, y) ={
w ∈ {x, y, z}∁

∣∣∣ {x, y}⊥C{w, z}
}

of (X, ⊥C) is exactly the C-component of {x, y}∁ that does not
contain z (well-defined by Corollary 3.10).

Lemma 3.18. Let a, b, c, d be four distinct points of X. The following implications hold:

(i) if {a, c}⊥C{b, d}, then {a, b} ̸⊥C {c, d};

(ii) if {a, b} ̸⊥C {c, d} and {a, d} ̸⊥C {b, c}, then {b, d}⊥C{a, c};

(iii) if {a, c}⊥C{b, d}, then {b, d}⊥C{a, c}.

Proof. We show each point separately.

(i) Let C := C∋d({a, c}∁). The set C ∪ {c} is C-connected by Proposition 3.9 (i), contains both c

and d, and is contained in {a, b}∁, so c and d are in the same C-component of {a, b}∁, i.e.,
{a, b} ̸⊥C {c, d}.

(ii) That {a, b} ̸⊥C {c, d} means that c ∈ C∋d({a, b}∁). Likewise, {a, d} ̸⊥C {b, c} means that
c ∈ C∋b({a, d}∁), and {b, d}⊥C{a, c} means that c ∈ C ̸∋a({b, d}∁). Hence, the claim boils down
to proving that the intersection C := C∋d({a, b}∁) ∩ C∋b({a, d}∁) coincides with C ̸∋a({b, d}∁).
Since C ⊆ {b, d}∁ and a ̸∈ C, by Lemma 3.11, this will follow if we show that C and C ∪ {b, d}
are C-connected. We have C ∪ {b, d} =

(
C∋d({a, b}∁) ∪ {b}

)
∩

(
C∋b({a, d}∁) ∪ {d}

)
: both sets

in this intersection are C-connected by Proposition 3.9 (i), and a belongs to neither of them,
so we conclude by Corollary 3.8. Similarly, C is also C-connected by Corollary 3.8.

(iii) Use (i) twice, then use (ii).

Lemma 3.19. Let v, w, x, y, z ∈ X be such that v, w, x are distinct and such that v, y, z are distinct.
If C∋v({w, x}∁) ⊆ C∋v({y, z}∁) ∪ {y, z}, then y /∈ C∋v({w, x}∁).

Informally, Lemma 3.19 means that if an interval A “without ends” is contained in an interval B
“with ends”, then the ends of B cannot belong to A, i.e., A is contained in B minus its ends. This
fact will be used in Proposition 3.20 to prove that ⊥C is an order-complete separation relation.

Proof. We dualize the claim by taking complements: we have C̸∋v({y, z}∁) ⊆ C ̸∋v({w, x}∁) ∪ {w, x},
and we must show that y ∈ C̸∋v({w, x}∁) ∪ {w, x}. We reason by contradiction by assuming the
contrary, which amounts to assuming that C̸∋v({w, x}∁) ∪ {w} ⊆ {x, y}∁.

The two sets C̸∋v({y, z}∁) ∪ {y} and C̸∋v({w, x}∁) ∪ {w, x} are C-connected by Corollary 3.10
and Proposition 3.9, and C̸∋v({y, z}∁) ⊆ C ̸∋v({w, x}∁) ∪ {w, x} by hypothesis, so their union is
C ̸∋v({w, x}∁) ∪ {w, x, y}, and it is C-connected by axiom (C2). By Corollary 3.10 and Proposi-
tion 3.9 (i), C ̸∋v({w, x}∁) ∪ {w} is C-connected too. Since this is a subset of {x, y}∁ by assumption,
it follows from Lemma 3.11 that C ̸∋v({w, x}∁) ∪ {w} is a C-component of {x, y}∁. Then, Propo-
sition 3.9 (ii) implies that C ̸∋v({w, x}∁) ∪ {w, y} is C-connected. Applying Lemma 3.11 again, we
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see that C ̸∋v({w, x}∁) is a C-component of {w, y}∁, so C ̸∋v({w, x}∁) ∪ {y} is C-connected by Propo-
sition 3.9 (i). This contradicts the maximality of C̸∋v({w, x}∁) among the C-connected subsets
of {w, x}∁.

Proposition 3.20. The relation ⊥C is a dense order-complete separation relation on X.

Proof. We first check the axioms of Definition 2.10: axiom (S2) is clear from the definition of ⊥C ,
axiom (S1) follows directly from Lemma 3.18 (iii), and axiom (S3) follows from points (i) and (ii) of
Lemma 3.18. For axiom (S4), consider five distinct points a, b, c, d, e of X, and recall from Propo-
sition 3.9 (iii) that X \ {a, b} has exactly two C-components: either c, d, e all lie in the same com-
ponent, or two of them lie in the same component and the third one does not, which gives the
two cases. That the separation relation ⊥C is dense follows again from Proposition 3.9 (iii): given
{a, b} ∈ Chords(X), the set {a, b}∁ has two C-components, so we can pick c in one and d in the other,
and then {a, b}⊥C{c, d}.

Now, consider a non-empty chain {Ui} of open intervals of (X, ⊥C) contained in an open interval I.
Then, U := ⋃

Ui is C-connected by axiom (C2), and is contained in I (so |U∁| ≥ |I∁| ≥ 2). If U is
not an open interval, then |U | ≥ |Ui| + 1 ≥ 2, and by Proposition 3.13 there must be distinct points
x, y, z ∈ X such that U is either of the form C∋z({x, y}∁) ∪ {x} or C∋z({x, y}∁) ∪ {x, y}. But then,
by Lemma 3.19, none of the open intervals Ui ⊆ U contain x, contradicting x ∈ U .

4. Flimsy topological spaces

In this section, we focus on flimsy topological spaces, i.e., we specialize the results about flimsy
connectivity spaces (from Section 3) to the case where C is the set of connected subsets of a topological
space. The main result of this section is Theorem 1.4 from the introduction.

Throughout the section, we always adopt the convention that ∅ is connected.

Proposition 4.1. Let X be a topological space, and let C be the set of connected subsets of X. Then,
(X, C) is a connectivity space. Moreover:

• X is a T1 topological space ⇐⇒ (X, C) is a T1 connectivity space (cf. Definition 3.3).

• For any n ∈ N, X is an n-flimsy topological space ⇐⇒ (X, C) is an n-flimsy connectivity space.

Proof. Axiom (C1) clearly holds. For axiom (C2), see [Wil70, Theorem 26.7a]. Axiom (C3) follows
directly from [Kur72, Chapter XVI.3, Theorem 4].

We now check axiom (C4)—in fact, we show that the case (i) always holds. Let A and B be
non-empty connected subsets of X, and let A and B be their respective closures in A∪B. These two
sets are closed in A ∪ B and cover A ∪ B, so A ∩ B ̸= ∅ as A ∪ B is connected. Let x ∈ A ∩ B. We
have A ⊆ A ∪ {x} ⊆ A and B ⊆ B ∪ {x} ⊆ B. Since A and B are connected, it follows from [Wil70,
Theorem 26.8] that A ∪ {x} and B ∪ {x} are connected.

The equivalences of the notions of T1 spaces and of the notions of n-flimsy spaces follow easily
from the definitions.

Proposition 4.1 implies that the results of Section 3 apply to flimsy topological spaces. In par-
ticular, by Theorem 3.12, there are no n-flimsy topological spaces when n ≥ 3.

In what follows, we fix a 2-flimsy topological space (X, τ). Let (X, C) be the corresponding
2-flimsy connectivity space (Proposition 4.1), let ⊥ = ⊥C be the corresponding order-complete
dense separation relation on X (Definition 3.17, Proposition 3.20), and let τK be the order topology
of (X, ⊥) (Definition 2.13).

We prove that τ is finer than τK, i.e., that the open intervals of (X, ⊥) are open subsets of X:

Lemma 4.2. Let x, y ∈ X be distinct. If C is a connected component of {x, y}∁, then C is open
in X, C ∪ {x, y} is closed and not open in X, and C ∪ {x} is neither open nor closed in X.
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Proof. By Proposition 3.9 (iii), the sets C and D := {x, y}∁ \ C are the two connected components
of {x, y}∁, hence they are both closed in {x, y}∁, so C is open and closed in {x, y}∁. Since X is T1 by
Corollary 3.7 and Proposition 4.1, the subset {x, y} is closed in X, so {x, y}∁ is open in X. Therefore,
C is open in X, and so is D by symmetry. Hence, C ∪ {x, y} = X \ D is closed, and as a proper
subset of the connected space X, it cannot also be simultaneously open. Finally, C ∪ {x} cannot be
closed because otherwise C would be a non-empty open and closed proper subset of the space {x}∁,
which is connected as X is 2-flimsy. Similarly, if C ∪ {x} were open, then C ∪ {x} would be open
and closed in the connected space {y}∁.

We prove the following result, which was already obtained in [PC13, Theorem 15]:

Proposition 4.3. The 2-flimsy space X is Hausdorff.

Proof. Let x, y be two distinct points of X. By density of ⊥, pick {a, b} such that {x, y}⊥{a, b}.
By symmetry of ⊥, we have {a, b}⊥{x, y}, so C∋x({a, b}∁) and C∋y({a, b}∁) are two disjoint open
subsets of X (by Lemma 4.2) containing respectively x and y.

We can now show Theorem 1.4 from the introduction:

Proof of Theorem 1.4. First, the space (X, τ) is Hausdorff by Proposition 4.3 (or [PC13, Theo-
rem 15]). Second, recall from Theorem 2.18 that (X, τK) is a big circle, so it is compact and 2-flimsy
by Proposition 2.7. Third, observe from Definitions 2.12 and 3.17 that for any distinct x, y ∈ X, the
open intervals of (X, ⊥) between x and y are exactly the C-components of {x, y}∁, so the topology τK
is indeed generated by the connected components (with respect to the topology τ) of the subsets
{x, y}∁ for distinct x, y ∈ X. Combined with Lemma 4.2, this shows that τK is coarser than τ .

Let CK be the set of connected subsets of (X, τK). Since τK ⊆ τ , the identity of X is a continuous
map from (X, τ) to (X, τK), which implies that C ⊆ CK, and so C = CK by Corollary 3.16. In
other words, (X, τ) and (X, τK) have the same connected subsets. It follows that, for any distinct
x, y ∈ X, the connected components of {x, y}∁ are the same for the two topologies τ and τK. Then,
recalling that a 2-flimsy topological space is always T1 and connected on the one hand, and combining
Corollary 3.14 with Lemma 4.2 on the other hand, we get that (X, τ) and (X, τK) have the same
open connected subsets.

To show uniqueness, let τ ′ be a topology on X coarser than τ such that (X, τ ′) is a compact
2-flimsy space. Since τ ′ ⊆ τ , any connected subset of (X, τ) is connected in (X, τ ′). Then, by Corol-
lary 3.16, (X, τ) and (X, τ ′) have in fact the same connected subsets. Hence, for any distinct x, y ∈ X,
the connected components of {x, y}∁ are the same for the two topologies τ and τ ′. Applying the
conclusions of the first paragraph of the proof to the space (X, τ ′), we obtain τK ⊆ τ ′. Since (X, τ ′)
is compact, and since (X, τK) is Hausdorff by Proposition 4.3, Lemma 2.17 ensures that τ ′ = τK.

Example 4.4. We now give an example of a non-compact 2-flimsy topological space. We define a
function γ : (0, 2] → R3 as follows: for any s ∈ (0, 2], we let

γ(s) =
{(

s, sin 2π
s , 0

)
if s ∈ (0, 1],(

2 − s, 0, (s − 1)(2 − s)
)

if s ∈ (1, 2].
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Figure 5: An illustration of Example 4.4.

The map γ is continuous and injective on (0, 2]. Let X be the image of γ, equipped with the
subspace topology τ inherited from the Euclidean topology of R3. In particular, the space X is
Hausdorff. However, X is not compact since it is not closed in R3 (its closure contains the segment
{0} × [−1, 1] × {0}). We leave it to the reader to check that X is 2-flimsy.

Theorem 1.4 states that there is a unique topology τK on X coarser than τ such that (X, τK)
is compact and 2-flimsy. In fact, here, (X, τK) is homeomorphic to the standard circle S1 = R/Z.
Indeed, the functions s ∈ (0, 2] 7−→ γ(s) ∈ X and φ : s ∈ (0, 2] 7−→ s

2 ∈ S1 are bijections, so the set
τK :=

{
γ ◦ φ−1(U)

∣∣∣ U open in S1
}

is a topology on X such that (X, τK) is homeomorphic to S1,
and it is easy to check that τK ⊆ τ .

5. Big-path-flimsy topological spaces

In this section, we study big-path-flimsy topological spaces (Definition 1.2), which correspond to the
notion of big-path-connectedness defined in Definition 2.2.

Proposition 5.1. Let X be a topological space, and let C be the set of all big-path-connected subsets
of X, including ∅. Then, (X, C) is a connectivity space. Moreover:

• X is a T1 topological space ⇐⇒ (X, C) is a T1 connectivity space.

• For any n ∈ N, X is an n-big-path-flimsy topological space ⇐⇒ (X, C) is an n-flimsy connec-
tivity space.

Proof. Axiom (C1) clearly holds. We verify axioms (C2), (C3), and (C4):

(C2) Let x ∈
⋂

C, and let y, z ∈
⋃

C. Pick Y, Z ∈ C such that y ∈ Y and z ∈ Z. By hypothesis,
there are big paths from y to x in Y , and from x to z in Z. Concatenating these big paths
yields a big path from y to z in ⋃

C.

(C3) It suffices to show that x can be connected by a big path in Y \Z to any element y ∈ C, where C
is any big-path-connected component of Y \{x} besides Z (in particular, x ̸= y). Since Y is big-
path-connected, there is a big path γ : L → Y from x to y. Let t0 := sup

{
t ∈ L

∣∣∣ γ(t) ∈ {x}
}

,
so that γ(t0) ∈ {x} but γ(t∗) /∈ {x} for all t∗ > t0. For any t∗ ∈ (t0, max L), we have γ(t∗) ∈ C,
since the restricted big path γ|[t∗,max L] avoids x and C is a big-path-connected component
of Y \ {x}. If γ(t0) = x, then the restricted big path γ|[t0,max L] defines a big path from x to y
contained in C ∪ {x} ⊆ Y \ Z, and we are done. Otherwise, if γ(t0) ̸= x, then γ|[t0,max L] is a
big path from γ(t0) to y, which is contained in C as it avoids x. It then suffices to construct a
big path from x to γ(t0) contained in C∪{x}. But as γ(t0)∈{x}, we can simply take{

t ∈ [0, 1
2) 7→ x

t ∈ [1
2 , 1] 7→ γ(t0).
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(C4) The proof of axiom (C4) is postponed to Appendix A.

The equivalence of the notions of T1 spaces and the equivalence between X being n-big-path-flimsy
and (X, C) being n-flimsy follow easily from the definitions.

Proposition 5.1 implies that the results of Section 3 apply to big-path-flimsy topological spaces.
In particular, by Theorem 3.12, there are no n-big-path-flimsy topological spaces when n ≥ 3.

Proposition 5.2. If X is a 2-big-path-flimsy space, then there exist a big interval L and a continuous
surjection φ : L ↠ X. In particular, X is compact as the continuous image of a compact space.

Proof. Let x, y ∈ X be distinct. Propositions 3.9 and 5.1 ensure that {x, y}∁ has exactly two big-path-
connected components, which we denote by C1 and C2. We know from Proposition 3.9 (ii) that C1 ∪
{x, y} and C2 ∪{x, y} are big-path-connected. Hence, there exist big paths γ1 : L1 → C1 ∪{x, y} and
γ2 : L2 → C2 ∪ {x, y} such that γ1(min L1) = γ2(max L2) = x and γ1(max L1) = γ2(min L2) = y.

Then, define a big path γ from x to x on X by concatenating γ1 and γ2. We want to show that γ
is surjective, i.e., that γ1(L1)∪γ2(L2) = X. As they are continuous images of the big-path-connected
spaces L1 and L2, the subsets γ1(L1) and γ2(L2) are both big-path-connected. By Propositions 3.6
and 5.1, γ1(L1)∁ and γ2(L2)∁ are also big-path-connected. Next, observe that γ1(L1)∩γ2(L2) = {x, y}
because C1 and C2 are disjoint. Since X is 2-big-path-flimsy, {x, y}∁ = γ1(L1)∁ ∪ γ2(L2)∁ is not big-
path-connected, so the sets γ1(L1)∁ and γ2(L2)∁ are disjoint, which means that γ1(L1)∪γ2(L2) = X.
The last part of the claim follows directly from Proposition 2.3 (iv).

We are now going to prove Theorem 1.5 from the introduction, after setting some notation.
Let (X, τ) be a 2-big-path-flimsy topological space, let (X, C) be the corresponding 2-flimsy connec-
tivity space (Proposition 5.1), and let ⊥ = ⊥C be the corresponding order-complete dense separation
relation on X (Definition 3.17, Proposition 3.20). We also define some other topologies on X: the
topology τH is the order topology of (X, ⊥) (Definition 2.13), and τF is the final topology on X
induced by the family of all big paths on (X, τ), i.e.,

τF :=
{

V ⊆ X
∣∣∣ γ−1(V ) is open for all big paths γ : L → (X, τ)

}
. (5.1)

Proof of Theorem 1.5. We have already shown that the space (X, τ) is compact in Proposition 5.2.
We also know from Theorem 2.18 that (X, τH) is a big circle, so it is Hausdorff and 2-big-path-flimsy
by Proposition 2.7. Next, using Definitions 2.12 and 3.17, we see that, for any distinct x, y ∈ X, the
open intervals of (X, ⊥) between x and y are exactly the C-components of {x, y}∁. Thus,

τH is generated by the big-path-connected components of the subsets {x, y}∁,
as x and y range over pairs of distinct points of X.

(5.2)

In order to prove that τH is finer than τ and that the topological spaces (X, τ) and (X, τH) have
the same big paths, we only need to show that τH coincides with the topology τF from Equation (5.1).
Indeed, first, it is clear that τ ⊆ τF as big paths are continuous, so any big path on (X, τF ) is also
continuous with respect to τ . Conversely, for any big path γ on (X, τ) and any U ∈ τF , the set γ−1(U)
is open in L by definition of τF , so γ is also continuous with respect to τF .

In order to prove that τH = τF , we want to apply Lemma 2.17. We have already proved
that (X, τH) is Hausdorff. Since (X, τ) and (X, τF ) have the same big paths, their big-path-connected
subsets coincide, so (X, τF ) is 2-big-path-flimsy and thus compact by Proposition 5.2. It only re-
mains to show that τH ⊆ τF . Equivalently, we must prove that, for any distinct x, y ∈ X, if C is a
big-path-connected component of {x, y}∁, then C ∈ τF . Fix such a C and a big path γ : L → (X, τ),
and consider a t ∈ γ−1(C). We have {x, y}∁ ∈ τ , since (X, τ) is T1 by Corollary 3.7 and Proposi-
tion 5.1, and γ(t) ∈ C ⊆ {x, y}∁, so by continuity of γ and by definition of the order topology, there
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is an open interval I of L such that t ∈ I and γ(I) ⊆ {x, y}∁. Corollary 2.4 implies that γ(I) is
big-path-connected, so it is contained in the big-path-connected component C of γ(t) in {x, y}∁, so I
is an open neighborhood of the (arbitrary) point t ∈ γ−1(C), and it is contained in γ−1(C). This
shows that γ−1(C) is open in L and thus C ∈ τF as desired.

By Lemma 2.17, we have τH = τF . In particular,
τ ⊆ τH, (5.3)

and the big paths on (X, τ) and (X, τH) coincide, so (X, τ) and (X, τH) have the same big-path-
connected subsets.

To prove the uniqueness of τH, let τ ′ be a topology on X finer than τ such that (X, τ ′) is a
Hausdorff 2-big-path-flimsy space. Since τ ⊆ τ ′, any big path on (X, τ ′) is a big path on (X, τ), and
so any big-path-connected subset of (X, τ ′) is also big-path-connected in (X, τ). By Corollary 3.16,
(X, τ) and (X, τ ′) must then in fact have the same big-path-connected subsets. Thus, for any distinct
x, y ∈ X, the big-path-connected components of {x, y}∁ are the same for the two topologies τ and τ ′.
Applying (5.2) and (5.3) to (X, τ ′) entails that τ ′ ⊆ τH. Since (X, τ ′) is Hausdorff and since (X, τH)
is compact by Proposition 5.2, Lemma 2.17 implies that τ ′ = τH.

Example 5.3. We now give an example of a non-Hausdorff 2-big-path-flimsy topological space.
Let S1 := R/Z be the standard circle, and let E be its usual Euclidean topology. Then,

τ :=
{

U ∈ E
∣∣∣ S1 \ U is at most countable

}
∪ {∅}

is a topology on S1 that is coarser than E . Any two non-empty elements of τ have co-countable
intersection, so (S1, τ) is not Hausdorff. Below, we prove that a big path γ : L → S1 is continuous
with respect to τ if and only if it is continuous with respect to E . Thus, the space (S1, τ) is 2-big-
path-flimsy because (S1, E) is (for example by Proposition 2.7). In this case, the unique Hausdorff
topology τH finer than τ such that (S1, τH) is Hausdorff and 2-big-path-flimsy, whose existence is
ensured by Theorem 1.5, will hence simply be the standard Euclidean topology E .

Consider a big interval L and a map γ : L → S1. If γ is continuous with respect to E , then it
is continuous with respect to τ since τ ⊆ E . Conversely, suppose that γ is continuous with respect
to τ and, by contradiction, assume that there exist U ∈ E and ℓ ∈ γ−1(U) such that ℓ is not in the
interior of γ−1(U). Reversing the order of L if needed, we can assume that ℓ is in the closure of
[min L, ℓ)∩γ−1(S1\U). For any s ∈ [min L, ℓ), it follows that γ

(
[s, ℓ]

)
\U is non-empty—denote by Fs

the closure of γ
(
[s, ℓ]

)
\ U in (S1, E). Observe that for all s < s′ < ℓ, we have ∅ ̸= Fs′ ⊆ Fs ⊆ S1 \ U .

By compactness of (S1, E), there exists x ∈
⋂

s<ℓ Fs. Note that x /∈ U , so x ̸= γ(ℓ).
Let s ∈ [min L, ℓ). Since x ∈ Fs belongs to the closure of γ([s, ℓ]), and since (S1, E) is a sequential

space, we can find a sequence of points ts,n ∈ [s, ℓ], indexed by integers n ∈ N, such that γ(ts,n) −→ x
with respect to E . Since [s, ℓ] is sequentially compact,6 replacing (ts,n) by a subsequence if needed,
we can assume that ts,n −→ ts for some ts ∈ [s, ℓ].

We are going to show that γ(ts) = x for all s < ℓ. This will yield the desired contradiction, as
the closed subsets [s, ℓ] ∩ γ−1({x}) are then non-empty for all s < ℓ (they contain the respective ts),
so their intersection in the (compact) big interval L is also non-empty, meaning that γ(ℓ) = x,
contradicting ℓ ∈ γ−1(U).

Let M :=
{

n ∈ N
∣∣∣ γ(ts,n) = γ(ts)

}
. If M is infinite, replacing (ts,n) by a subsequence if needed,

we can assume that γ(ts,n) = γ(ts) for all n ∈ N; then, the fact that γ(ts,n) −→ x with respect
to E implies (because (S1, E) is Hausdorff) that γ(ts,n) = x for all n large enough, and in particular
γ(ts) = x. We now assume that M is finite. Replacing (ts,n) by a subsequence if needed, we can
assume that γ(ts,n) ̸= γ(ts) for all n ∈ N. Since (S1, E) is Hausdorff and γ(ts,n) −→ x, the set

V :=
{

γ(ts,n)
∣∣∣ n ∈ N

}
∪ {x}

6 Any big interval is sequentially compact: as in the real numbers (with the same proof), any sequence either has a
non-decreasing subsequence (converging to its supremum) or a decreasing subsequence (converging to its infimum).
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is closed for E , and hence closed for τ as it is at most countable. Since γ is continuous with respect
to τ and ts,n −→ ts, we must have γ(ts) ∈ V because γ(ts,n) ∈ V for all n ∈ N. Since γ(ts,n) ̸= γ(ts)
for all n ∈ N, this can only mean that γ(ts) = x. As explained above, this concludes the proof.

6. Path-flimsy topological spaces

In this section, we study path-flimsy topological spaces (Definition 1.2), which correspond to the
following standard notion of path-connectedness (we consider ∅ to be path-connected):

Definition 6.1. Let X be a topological space. For any points x, y ∈ X, a path from x to y is a
continuous map f : [0, 1] → X such that f(0) = x and f(1) = y. The space X is path-connected if
for any two points x, y ∈ X, there is a path from x to y.

Most of the arguments of this section are straightforwardly adapted from those of Section 5 by
replacing “big paths” and “big-path-connectedness” with “paths” and “path-connectedness”, respec-
tively. For the sake of brevity, we omit the details of such adaptations and rather focus on the few
points that require new proofs.

Proposition 6.2. Let X be a topological space, and let C be the set of all path-connected subsets
of X, including ∅. Then, (X, C) is a connectivity space. Moreover:

• X is a T1 topological space ⇐⇒ (X, C) is a T1 connectivity space.

• For any n ∈ N, X is an n-path-flimsy topological space ⇐⇒ (X, C) is an n-flimsy connectivity
space.

Proof. The proofs of axioms (C1), (C2), and (C3) are as in Proposition 5.1, replacing all big
intervals involved by [0, 1], remarking that the concatenation of two paths is a path (the concatenation
of [0, 1] with itself is order-isomorphic to [0, 1]), and that the restriction of a path to any segment is
also a path (if 0 ≤ s < t ≤ 1, then the subinterval [s, t] is order isomorphic to [0, 1]). The details are
left to the reader.

The equivalence of the notions of T1 spaces and the equivalence between X being n-path-flimsy
and (X, C) being n-flimsy follow easily from the definitions.

We now focus on the proof of axiom (C4). Pick non-empty sets A, B ∈ C such that A∪B ∈ C. We
assume that A and B are disjoint, as the claim is clear otherwise (case (i) holds for any x ∈ A ∩ B).
Pick arbitrary points a ∈ A and b ∈ B, let γ̂ be a path from a to b in A ∪ B, and let

sA := sup
{

t ∈ [0, 1]
∣∣∣ γ̂(t) ∈ A

}
and x := γ̂(sA).

If x ∈ A, then γ̂|[sA,1] is (after reparametrization) a path from γ̂(sA) = x to γ̂(1) = b in B ∪ {x}, so
B ∪{x} is path-connected, and then case (i) holds as A = A∪{x} is also path-connected. Therefore,
for the rest of the proof, we assume that x ∈ B. In particular, B ∪ {x} = B is path-connected, so if
we show that A ∪ {x} is also path-connected, then case (i) holds, concluding the proof.

Without loss of generality, replacing b by x and γ by the (reparametrized) restricted path γ̂|[0,sA],
we may assume that sA = 1, which implies that there is a strictly increasing sequence (sn)n≥0 of
elements of γ−1(A) ⊆ [0, 1) with s0 = 0 and sn −→ 1. For each n ≥ 0, let Sn = γ

(
[sn, sn+1]

)
, which

is a path-connected subset of A ∪ B. If Sn ∩ A is not path-connected for some n ≥ 0, then we are in
case (ii), finishing the proof. Hence, we further assume that Sn ∩A is path-connected for all n ≥ 0, so
there are continuous maps γn : [sn, sn+1] → Sn ∩A such that γn(sn) = γ(sn) and γn(sn+1) = γ(sn+1).
Now, define a map γ∗ : [0, 1] → A ∪ {x} by setting

γ∗(t) :=
{

γn(t) if t ∈ [sn, sn+1) with n ≥ 0,

x if t = 1,
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for any t ∈ [0, 1]. By construction, the map γ∗ is continuous on [0, 1). We have reduced to showing
that γ∗ is continuous at 1, as this implies that γ∗ is a path from a to x in A ∪ {x}, and then A ∪ {x}
is path-connected. So, let U be an open subset of A ∪ B containing γ∗(1) = x = γ(1). By continuity
of γ, there exists N ≥ 0 such that γ

(
[sN , 1]

)
⊆ U . We have

γ∗(
[sN , 1]

)
= {x} ∪

⋃
n≥N

γn
(
[sn, sn+1)

)
⊆ {x} ∪

⋃
n≥N

Sn = {x} ∪
⋃

n≥N

γ
(
[sn, sn+1]

)
= γ

(
[sN , 1]

)
⊆ U,

which implies that γ∗ is continuous at 1. As explained above, this concludes the proof.

Proposition 6.2 implies that the results of Section 3 apply to path-flimsy topological spaces. In
particular, by Theorem 3.12, there are no n-big-path-flimsy topological spaces when n ≥ 3.

Theorem 6.3. If X is a 2-path-flimsy space, then there exists a continuous surjection φ : S1 ↠ X.
In particular, X is compact. Furthermore, if X is also Hausdorff, then it is homeomorphic to S1.

Proof. Here, we view S1 as the quotient topological space of [0, 1] obtained by identifying the points 0
and 1. Denote by q : [0, 1] ↠ S1 the associated quotient map.

Let x, y ∈ X be distinct. Propositions 3.9 and 6.2 ensure that {x, y}∁ has exactly two path-
connected components, which we denote by C1 and C2. We know from Proposition 3.9 (ii) that C1 ∪
{x, y} and C2∪{x, y} are path-connected, so there exist paths γ1 : [0, 1] → C1∪{x, y} and γ2 : [0, 1] →
C2 ∪{x, y} such that γ1(0) = γ2(1) = x and γ1(1) = γ2(0) = y. Then, define another path γ : [0, 1] →
X by setting for all t ∈ [0, 1],

γ(t) =
{

γ1(2t) if t ≤ 1/2,

γ2(2t − 1) if t ≥ 1/2.

Note that γ(0) = γ(1) = x. Thus, there is a continuous map φ : S1 → X such that γ = φ ◦ q, and its
image is φ(S1) = γ([0, 1]) = γ1([0, 1]) ∪ γ2([0, 1]). Following the same arguments as in the proof of
Proposition 5.2 (replacing Proposition 5.1 with Proposition 6.2), we show that γ1

(
[0, 1]

)
∪γ2

(
[0, 1]

)
=

X, so φ is a continuous surjection S1 ↠ X. That X = φ(S1) is compact then follows from the fact
that S1 is compact.

Now, assume that X is Hausdorff. The sets C1 ∪ {x, y} and C2 ∪ {x, y} are then Hausdorff and
path-connected, so they are arcwise connected by [Wil70, Theorem 31.6] (see also [Bör92, Bra24]),
meaning that any two distinct points are connected via an injective path. Thus, we can assume
without loss of generality that γ1 and γ2 are injective, and we want to show that φ is injective.
Assume that there are 0 ≤ s < t ≤ 1 such that γ(s) = γ(t). Since γ1 and γ2 are injective, we must
have s < 1/2 < t. Thus, γ(s) ̸= γ(1/2) = y and γ(s) ∈ (C1 ∪ {x, y}) ∩ (C2 ∪ {x, y}) = {x, y},
so γ(s) = γ(t) = x. By injectivity of γ1 and γ2, we have s = 0 and t = 1, and thus q(s) = q(t).
This proves that φ is injective. Hence, φ is a continuous bijection from the compact space S1 to the
Hausdorff space X, so φ is a homeomorphism by [Wil70, Theorem 17.14].

Finally, we prove Theorem 1.6 from the introduction. Let (X, τ) be a 2-path-flimsy topological
space, let (X, C) be the corresponding 2-flimsy connectivity space (cf. Proposition 6.2), let ⊥ = ⊥C
be the corresponding order-complete dense separation relation on X (cf. Definition 3.17, Proposi-
tion 3.20), let τH be the order topology of (X, ⊥), and let τF be the final topology on X induced by
the paths on (X, τ), i.e.,

τF :=
{

V ⊆ X
∣∣∣ γ−1(V ) is open for all paths γ : [0, 1] → (X, τ)

}
.

Proof of Theorem 1.6. The compactness of (X, τ) is ensured by Theorem 6.3. Next, recall from
Theorem 2.18 that (X, τH) is a big circle, so it is in particular Hausdorff by Proposition 2.7. The
same observations as in the proof of Theorem 1.5 (in Section 5) show that τH is generated by the
path-connected components of the subsets {x, y}∁ as (x, y) ranges over all pairs of distinct points
of X.
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In contrast to the proof of Theorem 1.5, here we prove that (X, τ) and (X, τH) have the same
paths before showing that (X, τH) is 2-path-flimsy. Nevertheless, we still adopt the same strategy,
namely, showing that τH = τF . Indeed, the same arguments as in the proof of Theorem 1.5 yield that
the paths on (X, τ) and (X, τF ) coincide. In particular, (X, τF ) is 2-path-flimsy and thus compact by
Theorem 6.3. Moreover, replacing Proposition 5.1 with Proposition 6.2 in the proof of Theorem 1.5,
we get that τH ⊆ τF . Since we have already shown that (X, τH) is Hausdorff and that (X, τF ) is
compact, Lemma 2.17 implies that τH = τF . Therefore, (X, τ) and (X, τH) have the same paths and
thus the same path-connected subsets. This implies that (X, τH) is 2-path-flimsy.

For the two remaining points, namely the inclusion τ ⊆ τF = τH and the uniqueness of τH, the
proofs are just as in the proof of Theorem 1.5 (using Theorem 6.3 instead of Proposition 5.2).

Example 6.4. In Example 5.3, we have described a non-Hausdorff topological space (X, τ) that
has the same big paths as the standard circle. In particular, they have the same paths, so (X, τ) is
also a non-Hausdorff 2-path-flimsy space. Moreover, the topology τH whose existence is ensured by
Theorem 1.6 is again the standard topology on S1—this is consistent with Theorem 1.8.

7. A triple equivalence

Previously, we have discussed three types of circle-like structures: the topological big circles (Def-
inition 2.6), the order-theoretic separation relations (Definition 2.10), and the 2-flimsy connectivity
spaces (Subsection 3.1). Moreover, we have drawn several links between these frameworks. In this
section, we sum up these connections and show that those different notions are in fact equivalent.
We then apply this equivalence to show Theorem 1.7.

Fix a set X. We introduce the three following sets: BCir(X) is the set of all topologies τ on X
such that (X, τ) is a big circle (Definition 2.6), Sepa(X) is the set of all separation relations ⊥ on X
such that (X, ⊥) is dense and order-complete (Definitions 2.10 and 2.14), and Conn(X) is the set of
all connectivities C on X such that (X, C) is a 2-flimsy connectivity space (Definitions 3.1 and 3.4).

Any big circle is a 2-flimsy topological space (Proposition 2.7), so by Proposition 4.1, we obtain a
map Υ: BCir(X) → Conn(X) mapping a topology τ to the set of all connected subsets of (X, τ). (We
show in the proof of Theorem 1.7 that Υ(τ) is also the set of all big-path-connected subsets of (X, τ).)
Similarly, by Proposition 3.20, we obtain a map Φ: Conn(X) → Sepa(X) mapping a connectivity C
to the separation relation ⊥C associated with (X, C) (Definition 3.17 and Proposition 3.20). Finally,
by Theorem 2.18, we obtain a map Ψ: Sepa(X) → BCir(X) mapping a separation relation ⊥ to the
order topology of (X, ⊥) (Definition 2.13).

Lemma 7.1. Let x, y ∈ X be two distinct points. Then:

• For any topology τ ∈ BCir(X), the Υ(τ)-components of {x, y}∁ are exactly the connected com-
ponents of {x, y}∁ with respect to τ ;

• For any connectivity C ∈ Conn(X), the open intervals of (X, Φ(C)) between x and y are exactly
the C-components of {x, y}∁;

• For any separation relation ⊥ ∈ Sepa(X), the connected components of {x, y}∁ with respect to
the topology Ψ(⊥) are exactly the open intervals of (X, ⊥) between x and y.

Proof. The first point is by definition of Υ(τ). The second point is easily observed from Defini-
tions 2.12 and 3.17. To prove the third point, let us fix z ∈ {x, y}∁. By Definitions 2.12 and 2.13, the
two open intervals of (X, ⊥) between x and y partition {x, y}∁ and are open in (X, Ψ(⊥)). Moreover,
they are both non-empty as (X, ⊥) is dense. Thus, they each contain at least one connected com-
ponent of {x, y}∁ for the topology Ψ(τ). But since the connectivity space (X, Υ(Ψ(τ))) is 2-flimsy,
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Proposition 3.9 (iii) together with the first point imply that {x, y}∁ has exactly two connected com-
ponents with respect to the topology Ψ(τ), and these two components must therefore coincide with
the two open intervals between x and y.

Using Lemma 7.1, we are going to prove that the sets Conn(X), Sepa(X) and BCir(X) are in
canonical bijection. More precisely, in the following diagram, any loop around the triangle composes
to the corresponding identity map:

Conn(X)

BCir(X) Sepa(X)

ΦΥ

Ψ

Theorem 7.2. The following facts hold:

(i) For any τ ∈ BCir(X), we have Ψ(Φ(Υ(τ))) = τ .

(ii) For any C ∈ Conn(X), we have C = Υ(Ψ(Φ(C))).

(iii) For any ⊥ ∈ Sepa(X), we have ⊥ = Φ(Υ(Ψ(⊥))).

Proof.

(i) Recall from Proposition 2.7 that any big circle is 2-flimsy and compact, so by Theorem 1.4, its
topology is generated by the connected components of the complements of all pairs of distinct
points. Using all three points of Lemma 7.1, we see that for distinct x, y ∈ X, the connected
components of {x, y}∁ coincide for the two big circles (X, τ) and (X, Ψ ◦ Φ ◦ Υ(τ)). Thus,
Ψ ◦ Φ ◦ Υ(τ) = τ .

(ii) Similarly, Lemma 7.1 implies that for any distinct x, y ∈ X the two components of {x, y}∁
are the same for the two 2-flimsy connectivity spaces (X, C) and (X, Υ ◦ Ψ ◦ Φ(C)). Then, the
identity Υ ◦ Ψ ◦ Φ(C) = C is a direct consequence of Corollary 3.14.

(iii) To prove the identity Φ◦Υ◦Ψ(⊥) = ⊥, we need to show that for any four distinct points a, b, c, d
of X, we have {a, b}⊥Υ◦Ψ(⊥){c, d} if and only if {a, b}⊥{c, d} (for non-distinct quadruples of
points, this is ensured by axiom (S2)). By Definition 3.17 and Lemma 7.1, this amounts
to showing that {a, b}⊥{c, d} if and only if c and d are in distinct open intervals of (X, ⊥)
between a and b. But since I ̸∋c(a, b) =

{
x ∈ {a, b, c}∁

∣∣∣ {a, b}⊥{c, x}
}

is one of these two open
intervals and does not contain c, this is clear.

We now prove Theorem 1.7 from the introduction, giving equivalent characterizations of BCir(X).

Proof of Theorem 1.7. The implication (iv)⇒(iii) is stated in Proposition 2.7. The implications
(iii)⇒(i) and (iii)⇒(ii) follow directly from Theorems 1.4 and 1.5. Now, let us denote by C the set
of connected subsets of X and by Cbp the set of its big-path-connected subsets.

If (i) holds, then (X, C) is a 2-flimsy connectivity space by Proposition 4.1, and the uniqueness
part of Theorem 1.4 implies that the topology of X is generated by the connected components
of the subsets {x, y}∁ for {x, y} ∈ Chords(X). This means that the topology of X is Ψ(Φ(C))
(cf. Definition 2.13 and Lemma 7.1), so X is a big circle by Theorem 2.18. We have shown (i)⇒(iv).

The implication (ii)⇒(iv) is proved in the same way, using Proposition 5.1 and Theorem 1.5 to
prove that the topology of X is Ψ(Φ(Cbp)) ∈ BCir(X). This concludes the proof of the equivalence.

Finally, if (iii) holds, then both (X, C) and (X, Cbp) are 2-flimsy connectivity spaces. Moreover,
we have Cbp ⊆ C by Corollary 2.4. By Corollary 3.16, we must then have C = Cbp, i.e., a subset of X
is connected if and only if it is big-path-connected.
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8. An example of a 2-path-flimsy space that is not 2-big-path-flimsy

In this section, we construct a 2-path-flimsy topological space (X, T ) that is not 2-big-path-flimsy.
The main theorem is Theorem 8.5.

8.1. Strategy

Heuristic discussion. By Theorems 1.6 and 1.8, we know that any 2-path-flimsy space admits
a finer topology making it homeomorphic to the standard circle S1 with its Euclidean topology E .
Hence, we can look without loss of generality for examples whose underlying set X is S1, and for a
coarser topology T ⊆ E on S1 such that (S1, T ) and (S1, E ) share the same path-connected subsets
(in particular, (S1, T ) is 2-path-flimsy), but also such that (S1, T ) is not 2-big-path-flimsy.

Since any path-connected subset is also big-path-connected, X := (S1, T ) has to be big-path-
connected, and so does X \ {x} for any x ∈ X. Hence, the fact that X is not 2-big-path-flimsy can
only mean that there are two distinct points x, y ∈ X such that X \ {x, y} is big-path-connected
(but necessarily not path-connected at the same time). Therefore, there must be a big path γ : L →
X \{x, y} joining the two path-connected components of X \{x, y}—the map γ has to be continuous
with respect to T , but cannot be continuous with respect to E as (S1, E ) is 2-big-path-flimsy.

In fact, we will construct the topology T such that a stronger property holds: there will exist an
“everywhere dense Hamiltonian big path” f : L → S1, in the sense that f is a bijective map between
some big interval L and S1 mapping every non-empty open interval I ⊆ L to a dense subset f(I)
of (S1, E ), such that f is continuous with respect to the topology T . This implies that X := (S1, T )
meets our criteria: for any distinct x, y ∈ S1, if I ⊆ L is the open interval between f−1(x) and f−1(y),
then its image f(I) is a big-path-connected subset of X \ {x, y}, and as a dense subset of (S1, E ) it
intersects the two path-connected components of S1 \ {x, y}, as desired.

Now, assume that we have a topology T ⊆ E and a bijective map f : L → S1 as above, and
let F (f) :=

{
U ⊆ S1

∣∣∣ f−1(U) open in L
}

be the final topology induced by f . By hypothesis, f is
continuous with respect to T , so T ⊆ F (f). Since we also have T ⊆ E , the topology T is coarser
than the topology T ′ := F (f) ∩ E . The coarser a topology, the more paths and path-connected
subsets it has. Since T ⊆ T ′ ⊆ E , and since (S1, T ) and (S1, E ) share the same paths and the
same path-connected subsets, so does (S1, T ′). In particular, (S1, T ′) is 2-path-flimsy, and since f
is continuous with respect to T ′ it is not 2-big-path-flimsy, as explained above. Therefore, we can
without loss of generality look for examples satisfying T = T ′ = E ∩ F (f): the construction of the
topology T will then directly follow from the construction of an adequate map f .

Thanks to the previous reasoning, we have set ourselves a new goal: construct an everywhere
dense Hamiltonian big path f : L → S1 such that S1 equipped with the topology E ∩ F (f) does not
admit more paths than with the Euclidean topology E . To avoid creating new paths, we must ensure
that no non-trivial path can “follow the trail mapped out by f”, informally speaking. To prevent
that from happening, the map f : L → S1 shall be chosen to be very chaotic. Note also that we must
have |L| =

∣∣S1∣∣ = 2ℵ0 as we want f to be bijective.

Formal construction. In the whole section, we see S1 as the quotient of the interval [0, 3] obtained
by identifying the points 0 and 3, and we let E (the Euclidean topology on S1) be the quotient topology
inherited from the usual Euclidean topology. As mere sets, we will also identify S1 with [0, 3).

We equip L := [0, 1]N with the lexicographic order <lex defined as follows: for any x = (xn)n∈N ∈
L and any y = (yn)n∈N ∈ L, set N(x, y) := min

{
n ∈ N

∣∣∣ xn ̸= yn

}
with the convention min∅ = ∞,

and write
x ≤lex y ⇐⇒ x = y or xN(x,y) < yN(x,y). (8.1)

The following proposition, whose proof is postponed to Subsection 8.4, gathers the key properties of
the ordered set (L, <lex).
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Proposition 8.1. (L, <lex) is a dense order-complete linear order with ends, of cardinality 2ℵ0.
Equipped with the order topology, the big interval L is regular Hausdorff, compact (so locally compact
and σ-compact), and first-countable. Moreover, its path-connected components are the singletons.

In all this section, fix ℓ1 = (1
3 , 1

3 , . . .) and ℓ2 = (2
3 , 2

3 , . . .), so that min L <lex ℓ1 <lex ℓ2 <lex max L.
Then, we define the following partition {L1, L2, L3} of L into linear continua:

L1 = [min L, ℓ1], L2 = (ℓ1, ℓ2), L3 = [ℓ2, max L].

We now present the key tool for the construction of the counterexample. This is an adaptation of
the existence of Bernstein sets (cf. [Oxt80, Theorem 5.3] for background) for products of topological
spaces: it provides a partition into rectangles that are “as pathological as possible”. Its proof is
postponed to Appendix B.

Theorem 8.2 (Partition by Bernstein rectangles). Let Y and Z be two topological spaces that are
Hausdorff, locally compact and σ-compact, first-countable, and have cardinality 2ℵ0. Then, there exist
partitions {A1, A2, A3} of Y and {B1, B2, B3} of Z such that for every closed subset F ⊆ Y × Z, at
least one of the following holds:

• F can be covered by countably many lines, i.e., subsets of the form {y} × Z or Y × {z} with
y ∈ Y and z ∈ Z;

• F meets each of the nine subsets Ai × Bj for i, j ∈ {1, 2, 3} (the “rectangles”).

In what follows, we fix partitions {A1, A2, A3} of L and {B1, B2, B3} of S1 as provided by Theo-
rem 8.2 for Y = L and Z = S1, in which case the hypotheses follow from Proposition 8.1 and from
the usual properties of the standard circle.

Lemma 8.3. For any i ∈ {1, 2, 3}, the set Ai (resp. Bi) is a Bernstein set in L (resp. in S1).

Proof. For any uncountable closed subset F ⊆ L, the product F ×S1 is a closed subset of L×S1 that
cannot be covered by countably many lines, so it intersects Ai×B1, which means that F intersects Ai.
The case of Bi is analogous.

Lemma 8.4. For any (i, j) ∈ {1, 2, 3}2, we have |Ai ∩ Lj | = |[i − 1, i) ∩ Bj | = 2ℵ0.

Proof. Observe that for any s ∈ ( j−1
3 , j

3), the set {s} × [0, 1]N∗—which is the closed interval of L
between (s, 0, 0, . . .) and (s, 1, 1, . . .)—is an uncountable closed subset of Lj , and hence intersects Ai

by Lemma 8.3. Since these sets are disjoint for various values of s, since there are
∣∣∣( j−1

3 , j
3)

∣∣∣ = 2ℵ0

possible values of s, and since we also have an obvious upper bound, this implies |Ai ∩ Lj | = 2ℵ0 .
Similarly, any non-empty open interval of (0, 3) contains 2ℵ0-many disjoint copies of the Cantor

set: indeed, it contains a dilated and translated copy of the Cantor ternary set, which is homeomor-
phic to {0, 1}N and so to {0, 1}N × {0, 1}N = ⊔

ω∈{0,1}N {ω} × {0, 1}N (see [Kur72, Chapter XVI.8]
for details). Each one of these copies is an uncountable closed subset of S1 and so meets Bj by
Lemma 8.3. Thus, [i − 1, i) ∩ Bj also has cardinality 2ℵ0 .

For all (i, j) ∈ {1, 2, 3}2, pick arbitrary bijections fi,j : Ai ∩ Lj → [i − 1, i) ∩ Bj , which is possible
as these two sets have the same cardinality by Lemma 8.4. Then, define a map f : L → S1 by

∀ℓ ∈ L, f(ℓ) := fi,j(ℓ) if ℓ ∈ Ai ∩ Lj ,

and observe that f is a bijection from L to S1, satisfying f(Lj) = Bj and f(Ai) = [i − 1, i). Finally,
as explained above, we define the topology T := E ∩ F (f) on S1. More concretely:

T :=
{

U ⊆ S1
∣∣∣ U is open in (S1, E ), and f−1(U) is open in L

}
. (8.2)
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Let X be the topological space (S1, T ). In what follows, we will be careful to only use S1 to denote
the topological space (S1, E ) equipped with the Euclidean topology (or its underlying set), and to
systematically use X when the topology is T . When talking about a map [0, 1] → X (which is also a
map [0, 1] → S1), we say that it is E -continuous or T -continuous when it is continuous with respect
to the topologies E or T , respectively. Note that f is a (T -continuous) big path on X, as L is a big
interval by Proposition 8.1. The space X will be our desired counterexample:

Theorem 8.5. X is 2-path-flimsy, but X \ {x, y} is big-path-connected for all distinct x, y ∈ X.

We prove the two assertions of Theorem 8.5 separately, starting with the second, easier one.

Proposition 8.6. For any x, y ∈ X, the space X \ {x, y} is big-path-connected.

Proof. Because L1, L2, L3 are disjoint, there is i ∈ {1, 2, 3} such that Li contains neither f−1(x)
nor f−1(y). By construction, f(Li) = Bi, so Bi is a big-path-connected subset of X as the T -
continuous image of a big-path-connected space (cf. Corollary 2.4), and avoids {x, y}. Let C1 and C2
be the two path-connected components of S1 \{x, y} with respect to the Euclidean topology E , which
are in particular big-path-connected subsets of X. For any j ∈ {1, 2}, Cj ∪ {x, y} is an uncountable
closed subset of (S1, E ), so the sets Cj ∪ {x, y} intersect Bi by Lemma 8.3. Since x, y /∈ Bi, this
means that Cj ∩ Bi ̸= ∅, so Cj ∪ Bi is big-path-connected by Proposition 5.1 (axiom (C2)), and
then the union C1 ∪ C2 ∪ Bi = X \ {x, y} is also big-path-connected.

In particular, Proposition 8.6 implies that X is not 2-big-path-flimsy. In order to prove Theo-
rem 8.5, it remains to prove that X is 2-path-flimsy, which follows from the following result:

Proposition 8.7. The space X has the same paths as the standard circle (S1, E ).

The proof of Proposition 8.7 represents most of the remaining work and is divided across the two
following subsections. In Subsection 8.2, we show that any path can be reparametrized to prevent
it from “halting” (Proposition 8.9). In Subsection 8.3, we prove that any path on X that is not
E -continuous must “halt”, which together with Proposition 8.9 implies Proposition 8.7. This will
conclude the proof of Theorem 8.5.

8.2. Reparametrization of paths into light paths

In this subsection, we prove Proposition 8.9, which is a reparametrization result in the spirit of the
“monotone-light factorization” (compare to [Col71, Theorem 6]).

Definition 8.8. Let Y be a topological space. We say that a continuous map g : [0, 1] → Y is light
if it is not constant on any non-empty open interval, i.e., if its fibers are all totally disconnected.

For us, the importance of this notion comes from the fact that proving Proposition 8.7 will be
easier for light paths. The following fact allows us to reduce the general case to the light case:

Proposition 8.9. Let Y be a T1 topological space, and let g : [0, 1] → Y be a non-constant continuous
map on Y . Then, there exist two continuous maps g̃ : [0, 1] → Y and φ : [0, 1] → [0, 1] such that
g = g̃ ◦ φ and such that g̃ is light.

A key tool is the following lemma:

Lemma 8.10. Let ∼ be an equivalence relation on [0, 1] whose equivalence classes are closed intervals.
Let I be the quotient [0, 1]/ ∼, and let q : [0, 1] ↠ I be the natural surjection. Then:

• I is equipped with a natural strict linear order ≺, making q into an order-preserving surjection.

• The order topology of (I, ≺) coincides with the quotient topology on I inherited from the Eu-
clidean topology on [0, 1].
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• If ∼ has at least two equivalence classes, then (I, ≺) is order-isomorphic to [0, 1].

Proof. An element of I is a closed interval [a, b], and these intervals do not overlap: if [a, b] ̸= [a′, b′]
are two elements of I, then either b < a′ or b′ < a. Hence, we can define a linear order ⪯ on I by:

[a, b] ⪯ [a′, b′] ⇐⇒ b ≤ a′ (equivalently, a ≤ b′).

The surjection q is order-preserving, because if s, t ∈ [0, 1] belong respectively to the equivalence
classes [a, b] and [a′, b′] and satisfy s ≤ t, then we have a ≤ s ≤ t ≤ b′, so [a, b] ⪯ [a′, b′]. We let ≺ be
the corresponding strict linear order.

Let τq be the quotient topology on I, and let τo be the order topology of (I, ≺). As a linearly
ordered topological space, (I, τo) is Hausdorff. As a quotient of a compact space, (I, τq) is compact.
For any open interval U of (I, ≺) of the form

(
[a, b], [c, d]

)
, its preimage q−1(U) = (b, c) is open in [0, 1].

Similarly, using the notation of Subsection 2.1, the preimages of the open intervals
(
−∞, [a, b]

)
and(

[a, b], +∞
)

are respectively (−∞, a) and (b, +∞), which are open in [0, 1]. Therefore, τo ⊆ τq, and
by Lemma 2.17 we then have τo = τq.

Since τo = τq, the space (I, τo) is a quotient of [0, 1], so it is compact, connected, and separable
just like [0, 1]. Assuming that |I| ≥ 2, this implies that the order ≺ is dense and order-complete
(corresponding to connectedness, cf. [Wil70, 26G]), has a minimum and a maximum (correspond-
ing to compactness, cf. Proposition 2.3 (iv)), and admits a dense countable subset. By Cantor’s
isomorphism theorem [Can97, §11], this implies that (I, ≺) is order-isomorphic to [0, 1].

Proof of Proposition 8.9. Define an equivalence relation ∼ as follows: for any s, t ∈ [0, 1] with s ≤ t,

s ∼ t ⇐⇒ t ∼ s ⇐⇒ g|[s,t] is constant.

Since the connected subsets of [0, 1] are exactly the intervals, we see that s ∼ t if and only if there
is y ∈ Y such that s and t belong to the same connected component of g−1({y}). In other words,
the equivalence classes of ∼ are the connected components of the fibers of g. In particular, each
equivalence class is an interval and a closed subset of g−1({y}) for some y ∈ Y , which is itself closed
in [0, 1] since Y is T1 and g is continuous. Therefore, all equivalence classes of ∼ are closed intervals.

Define the quotient space I := [0, 1]/ ∼. Since g is non-constant, we have |I| ≥ 2. By Lemma 8.10,
I admits a homeomorphism η : I → [0, 1] such that its composition with the projection q : [0, 1] ↠ I
is a non-decreasing continuous map φ := η ◦ q : [0, 1] → [0, 1]. Moreover, since g is constant on
every equivalence class of ∼ by construction, g factors through the projection q via a continuous map
g : I → Y . Define g̃ := g ◦η−1, which is a continuous map [0, 1] → Y satisfying g̃ ◦φ = g ◦η−1 ◦η ◦q =
g ◦ q = g. Checking that the path g̃ is light amounts to checking that g is not constant on any non-
empty open interval of I, which follows by maximality of the equivalence classes. Indeed, if g were
constant on a non-empty open interval J of I, then q−1(J) would be an open interval of [0, 1] (since q
is continuous and order-preserving) that is not mapped to a single equivalence class of ∼ but on
which g is constant, contradicting the definition of ∼.

8.3. Proof of Proposition 8.7

The goal of this subsection is to prove Proposition 8.7: we show that the space X = (S1, T ) (the
circle equipped with the topology defined in Equation (8.2)) has the same paths as the standard
circle (S1, E ). In order to apply Proposition 8.9, which lets us reduce the proof of Proposition 8.7 to
the case of light paths, we first prove that X is T1:

Proposition 8.11. The space X is T1.

Proof. Recall that (S1, E ) and L are T1, as they are Hausdorff. By definition of T (Equation (8.2)),
checking that a singleton {x} is closed in X means checking that {x} is closed in (S1, E ) (which is
true) and that f−1({x}), which is a singleton as f is bijective, is closed in L (which is again true).
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We first prove three lemmas, gathering more and more information about the topology T and
about the local behavior of paths on X. We will use the notations xn

E−→ x and xn
T−→ x to denote

convergence of sequences in S1 = (S1, E ) and in X = (S1, T ), respectively.

Lemma 8.12. Let x, y ∈ S1, let ℓ ∈ L, and let xn ∈ S1 for all n ∈ N. If xn
T−→ x, if xn

E−→ y, and
if f−1(xn) −→ ℓ in L, then x = y or x = f(ℓ).

Proof. Let N ∈ N. The spaces S1 and L are Hausdorff, so their respective subsets {y}∪
{

xn

∣∣∣ n ≥ N
}

and {ℓ} ∪
{

f−1(xn)
∣∣∣ n ≥ N

}
are closed. Since the singletons of S1 and L are closed, it follows that

SN := {f(ℓ)} ∪ {y} ∪
{

xn

∣∣∣ n ≥ N
}

is closed in S1, and that f−1(SN ) = {f−1(y)}∪{ℓ}∪
{

f−1(xn)
∣∣∣ n ≥ N

}
is closed in L. By definition

of T (Equation (8.2)), this means that SN is a closed subset of X. Therefore, the convergence
xn

T−→ x implies that x ∈ SN . This holds for any N ∈ N, therefore either x = f(ℓ), or x = y, or the
sequence (xn) takes the value x infinitely many times. However, in the last case, x is also the limit
of a subsequence of (xn) for the Euclidean topology, and then x = y since S1 is Hausdorff.

Lemma 8.13. Let g : [0, 1] → X be a T -continuous map, and let s ∈ [0, 1]. If U ⊆ S1 and V ⊆ L
are open neighborhoods of g(s) and of f−1(g(s)) respectively, then there exists an open neighborhood
W ⊆ [0, 1] of s such that, for all t ∈ W , we have g(t) ∈ U or f−1(g(t)) ∈ V .

Proof. Assume, by way of contradiction, that there is a sequence (sn) ∈ [0, 1]N such that sn −→ s,
g(sn) /∈ U and f−1(g(sn)) /∈ V for all n ∈ N. Since S1 and L are sequentially compact (this is well-
known for S1, cf. Footnote 6 or Proposition 8.1 for L), replacing (sn) by a subsequence if needed,
we can assume that g(sn) E−→ x and that f−1(g(sn)) −→ ℓ in L. Since U and V are open, we have
x /∈ U and ℓ /∈ V . Furthermore, by T -continuity of g, we have g(sn) T−→ g(s). By Lemma 8.12, we
have g(s) = x or f−1(g(s)) = ℓ. The first case is impossible because g(s) ∈ U , and the second is
impossible because f−1(g(s)) ∈ V . This is a contradiction.

Lemma 8.14. Let g : [0, 1] → X be a T -continuous map, and let s ∈ [0, 1]. Let U ⊆ S1, V ⊆ L,
and W ⊆ [0, 1] be open neighborhoods of g(s), f−1(g(s)), and s, respectively. Then:

(i) If g is not E -continuous at s, then there exists a non-empty open interval I ⊆ W such that
f−1(g(I)) ⊆ V .

(ii) If the map f−1◦g : [0, 1] → L is not continuous at s, then there exists a non-empty open interval
I ⊆ W such that g(I) ⊆ U .

Proof. First, we assume that g is not E -continuous at s, and we prove (i). Then, there is an open
neighborhood U ′ of g(s) in S1 such that s is not in the interior of g−1(U ′). Since the Euclidean
topology on S1 is regular, we can choose two disjoint open subsets Uin and Uout of S1 such that
g(s) ∈ Uin and S1 \ U ′ ⊆ Uout. By Lemma 8.13, there is an open neighborhood W1 of s in [0, 1] such
that g(t) ∈ Uin or f−1(g(t)) ∈ V for all t ∈ W1.

Note that W ∩ W1 is an open neighborhood of s. Because s is not in the interior of g−1(U ′),
there exists σ ∈ W ∩ W1 such that g(σ) /∈ U ′. In particular, Uout is an open neighborhood of g(σ)
in S1. Moreover, g(σ) /∈ Uin because Uin and Uout are disjoint, so f−1(g(σ)) ∈ V by the properties
of W1. Thus, V is an open neighborhood of f−1(g(σ)) in L. By Lemma 8.13, there is then an open
neighborhood W2 of σ in [0, 1] such that g(t) ∈ Uout or f−1(g(t)) ∈ V for all t ∈ W2.

The set W ∩ W1 ∩ W2 is an open neighborhood of σ in [0, 1], so there exists an open interval
I ⊆ W ∩ W1 ∩ W2 ⊆ W that contains σ. We claim that f−1(g(t)) ∈ V for any t ∈ I. Indeed, Uin
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and Uout are disjoint, so g(t) /∈ Uin or g(t) /∈ Uout. But since t ∈ W1 ∩ W2, we can use at least one of
the properties defining W1 and W2 to prove that f−1(g(t)) ∈ V . This concludes the proof of (i).

The proof of (ii) is done in the exact same way (using the regularity of L given by Proposition 8.1
instead of that of S1). We omit the details.

Proof of Proposition 8.7. Since T ⊆ E by construction, any path on (S1, E ) is T -continuous. To
prove the converse, we fix a T -continuous map g : [0, 1] → X, and our goal is to prove that it is
E -continuous.

If g is constant, then this is clear. Otherwise, since X is T1 by Proposition 8.11, we can fix a
light path g̃ and a map φ as given by Proposition 8.9. If g̃ is E -continuous, then so is g = g̃ ◦ φ as a
composition of continuous maps. This shows that it suffices to deal with light paths. Without loss
of generality, we now assume that g is light.

We assume, by way of contradiction, that there exists an s ∈ [0, 1] such that g is not E -continuous
at s. Because L1 and L3 are disjoint, there exists i ∈ {1, 3} such that f−1(g(s)) /∈ Li. Since Li is
closed, Lemma 8.14 yields a non-empty open interval I ⊆ [0, 1] such that f−1(g(I)) ∩ Li = ∅. If
f−1 ◦ g is continuous on I, then f−1(g(I)) is a non-empty path-connected subset of L, hence a
singleton by Proposition 8.1, so g is constant on I, contradicting its lightness. For the rest of the
proof, we therefore assume that f−1 ◦ g is not continuous on I.

By this new assumption, there is t ∈ I such that f−1 ◦ g is not continuous at t. Even when they
are viewed as subsets of S1 = [0, 3]/{0, 3} via the identification of the points 0 and 3, no point belongs
to all three sets [0, 1], [1, 2], and [2, 3], so there exists j ∈ {1, 2, 3} such that g(s) /∈ [j − 1, j] ⊆ S1.
Since [j − 1, j] is closed in S1, Lemma 8.14 yields a closed interval J ⊆ I with positive length such
that g(J) ∩ [j − 1, j] = ∅. Note that we also have f−1(g(J)) ∩ Li = ∅.

Now, define F as the closure in L ×S1 of
{(

f−1(g(r)), g(r)
) ∣∣∣ r ∈ J

}
= (f−1 ◦ g, g)(J). Our goal

is to show that F does not meet Aj × Bi. By contradiction, let (ℓ, x) ∈ F ∩ (Aj × Bi). Observe from
Proposition 8.1 that L × S1 is first-countable as a product of two first-countable topological spaces.
Thus, there is a sequence (rn)n∈N of points of J such that g(rn) E−→ x and such that f−1(g(rn)) −→ ℓ
in L. By sequential compactness of the bounded closed real interval J , we can assume without loss
of generality that rn −→ r ∈ J , so that g(rn) T−→ g(r) by T -continuity of g. By Lemma 8.12,
we then have g(r) = x or f−1(g(r)) = ℓ. If g(r) = x, then g(r) ∈ Bi and so f−1(g(r)) ∈ Li by
definition of f , contradicting f−1(g(J)) ∩ Li = ∅. If f−1(g(r)) = ℓ, then f−1(g(r)) ∈ Aj and so
f( f−1(g(r)) ) = g(r) ∈ [j − 1, j), contradicting g(J) ∩ [j − 1, j] = ∅. Since both cases lead to a
contradiction, we have shown that F does not meet Ai × Bj .

By choice of Ai and Bj (cf. Theorem 8.2), this implies that F , and (f−1 ◦ g, g)(J) a fortiori,
can be covered by countably many lines. In other words, there are two countable sets D ⊆ L and
D′ ⊆ S1 such that g(J) ⊆ f(D) ∪ D′, so g(J) is at most countable. Now, recall that g : [0, 1] → X
is T -continuous and that X is T1 (Proposition 8.11), so g−1({x}) is closed in [0, 1] for all x ∈ X.
Hence, the decomposition

J =
⋃

x∈g(J)
J ∩ g−1({x})

expresses the compact real interval J as an at-most-countable union of disjoint non-empty closed sets.
By a classic theorem of Sierpiński [Sie18] (see also [Eng89, Theorem 6.1.27]), this is only possible
when |g(J)| = 1, so g is constant on J , contradicting its lightness.

8.4. The lexicographic order on sequences of real numbers

Recall from Equation (8.1) that L = [0, 1]N is endowed with the lexicographic order <lex. Also recall
that for any x, y ∈ L, we write N(x, y) = min

{
n ∈ N

∣∣∣ xn ̸= yn

}
. Here, we prove Proposition 8.1.

Proof of Proposition 8.1. That the lexicographic order is a total order is standard. The cardinality
of L is |L| = |[0, 1]||N| = (2ℵ0)ℵ0 = 2ℵ2

0 = 2ℵ0 . The elements (0, 0, . . .) and (1, 1, . . .) are respectively
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the minimum and maximum of (L, <lex).
In what follows, if x ∈ L, we denote by xn ∈ [0, 1] its n-th coordinate.
Let x, y ∈ L be such that x <lex y. Then, we have x <lex z <lex y where z = (xn+yn

2 )n∈N. Indeed,
N(x, z) = N(y, z) = N(x, y) and xN(x,y) < zN(x,y) < yN(x,y). Thus, (L, <lex) is dense.

Let A ⊆ L. Using the convention sup∅ = 0, recursively define (mn)n∈N as follows:

m0 := sup
{

x0
∣∣∣ x ∈ A

}
,

mk+1 := sup
{

xk+1
∣∣∣ x ∈ A such that xi = mi for all 0 ≤ i ≤ k

}
. (8.3)

We claim that m = (mn)n∈N ∈ L is the least upper bound of A. Indeed, if x ∈ A is distinct
from m, then we have xi = mi for all 0 ≤ i ≤ N(x, m) − 1 by definition of N(x, m), and so xN(x,m) ≤
mN(x,m) by definition of m. Since xN(x,m) ̸= mN(x,m), we get that x <lex m. Conversely, let y ∈ L
be an upper bound of A distinct from m. For all x ∈ A such that N(x, m) ≥ N(y, m), we have
N(x, y) ≥ min

(
N(x, m), N(y, m)

)
= N(y, m), and so xN(y,m) ≤ yN(y,m) because x ≤lex y. It follows that

yN(y,m) ≥ sup
{

xN(y,m)

∣∣∣ x ∈ A such that N(x, m) ≥ N(y, m)
}

= mN(y,m) and so m <lex y. We have
proved that (L, <lex) is order-complete and that

m = sup A. (8.4)

By Proposition 2.3, L is then compact, connected, and Hausdorff. In particular, L is locally
compact and σ-compact, but also regular (and even normal, see [Mun00, Theorem 32.3]).

To prove that L is first-countable, it suffices to prove that for any x ∈ L, if x ̸= min L (resp. if x ̸=
max L), then there are sequences (xk)k≥1 (resp. (yk)k≥1) of points of L\{x} such that supk≥1 xk = x
(resp. infk≥1 yk = y). Indeed, the open intervals (xk, yk) for all k ≥ 1 then form a countable local
base of x, where we have let xk = −∞ if x = min L and yk = +∞ if x = max L. In fact, since
L = (L, <lex) is order-isomorphic to its opposite (L, >lex) via (zn)n∈N 7→ (1 − zn)n∈N, the two cases
are symmetrical and we only need to find (xk)k≥1 for x ̸= min L.

If there is a J ∈ N such that xJ > 0 but xn = 0 for all n > J, then we let xk
n := xn if n ̸= J, and

xk
J := (1 − 1

k )xJ. In that case, the sequence (xk)k∈N is strictly increasing.
Otherwise, we let xk

n := xn if n < k, and xk
n := 0 if n ≥ k. This time, the sequence (xk) is

non-decreasing, and xk <lex x for all k ≥ 1 as x has infinitely many non-zero coordinates.
In both cases, using the explicit formula for the supremum given by Equations (8.3) and (8.4),

we see that sup xk = x, concluding the proof that L is first-countable.
Let γ : [0, 1] → L be continuous. As a continuous image of a compact connected set, γ

(
[0, 1]

)
is a compact and connected subset of L. Thus, by Proposition 2.3 (iv), there are two elements
x = (xn)n∈N and y = (yn)n∈N of L such that x ≤lex y and γ

(
[0, 1]

)
=

{
z ∈ L

∣∣∣ x ≤lex z ≤lex y
}

.
Assume, by way of contradiction, that xn < yn for some n ∈ N. Then, for any s ∈ (xn, yn), the
non-empty open set

In(s) :=
{

z ∈ L
∣∣∣ (x0, . . . , xn−1, s, 0, 0, 0, . . .) <lex z <lex (x0, . . . , xn−1, s, 1, 1, 1, . . .)

}
is contained in γ

(
[0, 1]

)
. Moreover, the subsets In(s) are disjoint for distinct values of s ∈ (xn, yn),

so
{

γ−1(In(s))
∣∣∣ s ∈ (xn, yn)

}
is an uncountable family of disjoint non-empty open subsets of [0, 1],

but this cannot exist since [0, 1] is second-countable. By contradiction, we have shown that x = y.
Thus, all paths on L are constant and the path-connected components of L are the singletons.

A. Proof of axiom (C4) for big-path-connected subsets

In this appendix, we complete the proof of Proposition 5.1. Let X be a topological space, and let C be
the set of all its big-path-connected subsets. We are going to show that (X, C) satisfies axiom (C4).
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Proof. Pick non-empty sets A, B ∈ C such that A ∪ B ∈ C. If there is a big path f : J → A ∪ B such
that f(J \ {max J}) ⊆ A and f(max J) ∈ B, then both A ∪ {f(max J)} and B ∪ {f(max J)} = B
are big-path-connected, completing the proof (case (i) holds). Therefore, we can exclude this case
and assume the following:

for any big path f : J → A ∪ B, if f
(
J \ {max J}

)
⊆ A, then f(max J) ∈ A. (A.1)

Symmetrically, swapping the roles of A and B, we can assume:

for any big path f : J → A ∪ B, if f
(
J \ {max J}

)
⊆ B, then f(max J) ∈ B. (A.2)

If case (ii) of axiom (C4) ever happens, then we are done, so we can also assume:

if S ⊆ A ∪ B is big-path-connected, then S ∩ A and S ∩ B are big-path-connected. (A.3)

Fix arbitrary points a ∈ A and b ∈ B, and let γ : L → A ∪ B be a big path from a to b in A ∪ B.
Let sA := sup γ−1(A). We have γ

(
(sA, max L]

)
⊆ B, so (A.2) implies that γ(sA) ∈ B. Without loss

of generality, replacing b with γ(sA), L with [min L, sA], and γ with the (reparametrized) restricted
big path γ|[min L,sA], we can assume that sA = max L. Hence,

for any ℓ ∈ L \ {max L}, there exists ℓ′ > ℓ such that γ(ℓ′) ∈ A. (A.4)

Fix an ordinal number κ of cardinality strictly larger than that of L (e.g., the smallest ordinal
number of cardinality 2|L|, by Cantor’s theorem). For the rest of the proof, we are going to construct
by transfinite recursion a list (ℓα)α∈κ of points of L, a list (Lα, <α)α∈κ of big intervals, and a
list (hα)α∈κ of big paths hα : Lα → A ∪ B satisfying the following properties for all ξ ∈ κ:

(iξ) for all α < β ≤ ξ, we have ℓα < ℓβ;

(iiξ) for all α ≤ ξ, hα(min Lα) = a and hα(max Lα) = γ(ℓα);

(iiiξ) for all α < β ≤ ξ, Lα is a proper initial segment of Lβ;

(ivξ) for all α < β ≤ ξ, the restriction of hβ to Lα is hα, and hβ

(
[max Lα, max Lβ]

)
⊆ γ

(
[ℓα, ℓβ]

)
;

(vξ) for all α ≤ ξ, hα(Lα) ⊆ A.

By point (iξ), the map α ∈ κ 7−→ ℓα ∈ L will then be injective, contradicting the assumption on
the cardinality of κ and hence concluding the proof.

First, we initialize the recursion as follows: let (L0, <0) be the real segment [0, 1] equipped with
its usual order, let ℓ0 = min L, and let h0 : s ∈ [0, 1] 7→ a ∈ A ∪ B be a constant path. For the
induction step, fix an ordinal number 0 < ξ < κ and assume that we have constructed (ℓα)α<ξ,
(Lα, <α)α<ξ, and (hα)α<ξ. Our goal is to construct ℓξ, (Lξ, <ξ), and hξ. We treat the cases of a
successor ordinal and of a limit ordinal separately:

• Assume that ξ is a successor ordinal, and write ξ = δ + 1. Since γ(ℓδ) ∈ hδ(Lδ) ⊆ A by
(iiδ) and (vδ), we have ℓδ ̸= max L, so by (A.4) we can pick ℓδ+1 ∈ L with ℓδ+1 > ℓδ such
that γ(ℓδ+1) ∈ A. The subset S := γ

(
[ℓδ, ℓδ+1]

)
of A ∪ B is big-path-connected, so S ∩ A is

big-path-connected by (A.3). Now, we would like to choose a big path from γ(ℓδ) to γ(ℓδ+1)
on S ∩ A. However, the (non-empty) collection of big paths on any space forms a proper class
and we will have to make infinitely many such choices throughout the recursion. Hence, to
apply the axiom of choice properly, we need to determine an explicit non-empty set contained
in that class. To do that, let

m := min
{

|J |
∣∣∣ f : J → S ∩ A big path from γ(ℓδ) to γ(ℓδ+1)

}
,
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which is a well-defined cardinal number, let J be a set formed of at least one representative from
each homeomorphism class of big intervals J of cardinality m (for example, J ⊆ {m} × P(m)
is the set of all topological spaces (m, τ) obtained by equipped m with some topology τ making
it into a big interval), and define the non-empty set

E :=
{

f : J → S ∩ A
∣∣∣ big path from γ(ℓδ) to γ(ℓδ+1) with J ∈ J

}
.

This technical issue out of the way, pick an arbitrary element of E, which is a big path fδ : Jδ →
S ∩ A from γ(ℓδ) to γ(ℓδ+1) as desired.
Now, let (Lδ+1, <δ+1) be the big interval obtained by concatenating Lδ and Jδ and by identify-
ing max Lδ and min Jδ. Since hδ(max Lδ) = fδ(min Jδ), we can define a big path hδ+1 : Lδ+1 →
A ∪ B by setting for all t ∈ Lδ+1,

hδ+1(t) :=
{

hδ(t) if x ∈ Lδ,

fδ(t) if x ∈ Jδ.

By recursion hypothesis, (iδ+1–iiiδ+1) and (vδ+1) are clear. For (ivδ+1), observe that for any
α ≤ δ we have hδ+1

(
[max Lα, max Lδ+1]

)
= hδ

(
[max Lα, max Lδ]

)
∪ fδ(Jδ) which is contained

in γ
(
[ℓα, ℓδ]

)
∪ S = γ

(
[ℓα, ℓδ+1]

)
. This concludes the induction step for successor ordinals.

• Assume now that ξ is a limit ordinal. Let ℓξ := supα<ξ ℓα, and let Lξ be the union of the (Lα)α<ξ

supplemented with an additional point, i.e.,

Lξ :=

 ⋃
α<ξ

Lα

 ⊔ {ξ}.

For s, t ∈ Lξ, write s ≤ξ t if t = ξ or if there is α < ξ such that s, t ∈ Lα and s ≤α t. As
the non-strict orders ≤α are compatible for all α < ξ by (iiiα), the binary relation ≤ξ is a
well-defined (non-strict) total order on Lξ, making (Lξ \ {ξ}, <ξ) into a dense order-complete
linear order. Moreover, using (iiiα) for all α < ξ together with the fact that ξ is a limit ordinal,
we see that ξ = supα<ξ max Lα = sup(Lξ \{ξ}). Hence, (Lξ, <ξ) is a big interval. Furthermore,
for any α < ξ, Lα is a proper initial segment of Lξ, so (iiiξ) holds.
Define the map hξ : Lξ → A ∪ B as follows:

hξ(t) :=
{

hα(t) if t ∈ Lα for some α < ξ,

γ(ℓξ) if t = ξ.

Thanks to (ivα) for α < ξ, hξ is well-defined. Before proving that hξ is continuous, let us
show (ivξ). By definition, the restriction of hξ on Lα is hα for any α < ξ. Moreover, we have

hξ

(
[max Lα, max Lξ]

)
= hξ

(
[max Lα, ξ]

)
=

⋃
α<β<ξ

hξ

(
[max Lα, max Lβ]

)
∪ {hξ(ξ)}

=
⋃

α<β<ξ

hβ

(
[max Lα, max Lβ]

)
∪ {γ(ℓξ)}

⊆
⋃

α<β<ξ

γ
(
[ℓα, ℓβ]

)
∪ {γ(ℓξ)} ⊆ γ

(
[ℓα, ℓξ]

)
.

The map hξ is continuous on Lα for all α < ξ as it coincides there with the continuous map hα,
and it is thus continuous on Lξ \ {ξ} = ⋃

α<ξ Lα. Furthermore, for any neighborhood V of
hξ(ξ) = γ(ℓξ), by continuity of γ and because ℓξ = supα<ξ ℓα, there exists α < ξ such that
γ

(
[ℓα, ℓξ]

)
⊆ V , and then hξ

(
[max Lα, max Lξ]

)
⊆ V by (ivξ). This proves that hξ is also

continuous at ξ, so hξ is indeed a big path.
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It remains to show (iξ), (iiξ), and (vξ). Point (iξ) immediately follows from (iβ) for β < ξ, and
from the fact that ξ is a limit ordinal (for any α < ξ, we also have α+1 < ξ, so ℓα < ℓα+1 ≤ ℓξ by
(iα+1) and the definition of ℓξ). Point (iiξ) follows from (iiα) when α < ξ, and by construction
of hξ when α = ξ. To prove (vξ), observe from (vα) and (ivξ) that hξ(Lα) = hα(Lα) ⊆ A for all
α < ξ, which implies that hξ(Lξ \ {ξ}) ⊆ A, and then apply (A.1) to deduce that hξ(Lξ) ⊆ A.
This concludes the induction step for limit ordinals.

As previously explained, this concludes the proof.

Remark A.1. In the previous proof, in order to properly apply the axiom of choice, we have had
to restrict to those big paths whose domain has minimal cardinality among those joining two given
points. Explicit upper bounds are known about this minimal cardinality, cf. [CC00] (for Hausdorff
spaces) and [Pen16, Corollary 4.5].

B. Bernstein rectangles

This section is devoted to the proof of Theorem 8.2. Let Y and Z be topological spaces that are
Hausdorff, locally compact and σ-compact, and first-countable. We endow the space Y × Z with the
product topology. We call line a subset of Y × Z of the form {y} × Z or Y × {z}, where y ∈ Y and
z ∈ Z. For any SY ⊆ Y and SZ ⊆ Z, we set

SY ⊕ SZ := (SY × Z) ∪ (Y × SZ).

To prove Theorem 8.2, we will mimic the usual construction of a Bernstein set in the real line by
transfinite recursion, by choosing an enumeration of all closed subsets of Y × Z and, for each such
subset, adding some of its points to Ai and Bj . This approach requires us to control the number
of such subsets, and to ensure that at each step of the recursion, the next subset is not covered by
the lines induced by the points already selected. Both of these tasks will be taken care of by the
following theorem (which is of independent interest).

Theorem B.1. If a closed subset F ⊆ Y × Z cannot be covered by countably many lines, then it
contains a separable closed subset that cannot be covered by fewer than 2ℵ0 lines.

Theorem B.1 establishes a weak form of the continuum hypothesis, in the spirit of the Cantor–
Bendixson theorem ([Kec95, Corollary 6.5]): any closed subset of Y × Z covered by fewer than 2ℵ0

lines can be covered by countably many lines. Our proof is mainly based on an idea that was privately
communicated to us by Rolf Suabedissen. Just like for the Cantor–Bendixson theorem, our proof
relies on the construction of a Cantor scheme (cf. [Kec95, Definition 6.1]) whose blocks are in disjoint
horizontal and vertical strips, and are centered on the condensation points of F , defined as follows:

Definition B.2. Let S be a topological space, and let A ⊆ S. A point x ∈ S is a condensation point
of A if every neighborhood of x contains uncountably many points of A. (Note that x does not need
to belong to A.)

Lemma B.3. Let S be a σ-compact topological space. If A ⊆ S is uncountable, then there exists a
condensation point of A.

Proof. Let (Kn)n∈N be a sequence of compact subsets of S such that S = ⋃
n∈N Kn. Assume that A

has no condensation point, i.e., that ⋃ {
U open in S

∣∣∣ U ∩ A is countable
}

= S. Then, each compact
subspace Kn is covered by finitely many open sets U1, . . . , Um for which Ui ∩ A is countable, so Kn ∩
A ⊆

⋃m
i=1(Ui∩A) is countable. But then A = ⋃

n∈N(Kn∩A) is countable, which is a contradiction.
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Proof of Theorem B.1. First, using the hypothesis on F and by transfinite recursion on the first
uncountable ordinal number, we construct an uncountable subset A of F such that distinct points
of A have both coordinates distinct. Next, since Y is first-countable, Hausdorff, and locally compact,
[Mun00, Theorem 29.2] ensures that we can fix for every y ∈ Y and for every z ∈ Z a countable
local base (Ny

k )k≥1 of compact neighborhoods of y and a countable local base (N z
k )k≥1 of compact

neighborhoods of z.
The main idea of the proof (due to Rolf Suabedissen) is to construct the desired subset of F via

a Cantor scheme. To do so, let us introduce some notation. We denote the natural projections by
πY : Y × Z → Y and by πZ : Y × Z → Z. Denote by 2<N the set of all finite binary words (that is,
whose terms belong to {0, 1}), and by ∅ ∈ 2<N the empty word. For each word u ∈ 2<N, denote
by u⌢0 (resp. u⌢1) the word obtained by appending 0 (resp. 1) at the end of u. We will recursively
construct a list (Cu)u∈2<N of closed subsets of F such that, for all u ∈ 2<N:

(i) if u ̸= ∅, then Cu is compact;

(ii) πY (Cu⌢0) ∩ πY (Cu⌢1) = πZ(Cu⌢0) ∩ πZ(Cu⌢1) = ∅;

(iii) Cu⌢0 ∪ Cu⌢1 ⊆ Cu;

(iv) Cu ∩ A is uncountable.

We begin by setting C∅ = F , which is closed, and then C∅ ∩ A = A is uncountable. Let u ∈ 2<N

and assume that we have already constructed Cu. Since Y and Z are σ-compact, Y × Z is also
σ-compact, so by Lemma B.3 there is a condensation point (y0, z0) of Cu ∩ A. The set⋂

k≥1
(Ny0

k ⊕ N z0
k ) ∩ (Cu ∩ A) = ({y0} ⊕ {z0}) ∩ Cu ∩ A

cannot have more than two elements because any two distinct points of A have both of their co-
ordinates distinct. Hence, the sets (Cu ∩ A) \ (Ny0

k ⊕ N z0
k ) for k ≥ 1 cover an uncountable set

by (iv). It follows that there is k0 ≥ 1 such that (Cu ∩ A) \ (Ny0
k0

⊕ N z0
k0

) is uncountable. Using
Lemma B.3 again, we fix a condensation point (y1, z1) of (Cu ∩ A) \ (Ny0

k0
⊕ N z0

k0
). Observe that

y1 ̸= y0 and z1 ̸= z0, because otherwise Ny0
k0

⊕ N z0
k0

would be a neighborhood of (y1, z1) that does
not meet (Cu ∩ A) \ (Ny0

k0
⊕ N z0

k0
). Thus, since Y and Z are Hausdorff, there exists k ≥ 1 such that

Ny0
k ∩ Ny1

k = N z0
k ∩ N z1

k = ∅. Then, let

Cu⌢0 := Cu ∩ (Ny0
k × N z0

k ) and Cu⌢1 := Cu ∩ (Ny1
k × N z1

k ).

Points (ii) and (iii) are clear. By definition of condensation points, Ny0
k × N z0

k and Ny1
k × N z1

k both
have uncountable intersections with Cu ∩A: this entails (iv). Finally, Cu⌢0 and Cu⌢1 are compact as
the intersections of the closed subset Cu with the compact sets Ny0

k ×N z0
k and Ny1

k ×N z1
k . Since Y ×Z

is Hausdorff, Cu⌢0 and Cu⌢1 are also closed. This concludes the construction of (Cu)u∈2<N .
We are now ready to build the desired separable subset of F . Thanks to (iv), we can pick

arbitrarily cu ∈ Cu for all u ∈ 2<N. Next, define G as the closure of
{

cu

∣∣∣ u ∈ 2<N
}

. By definition, G

is closed and separable (since 2<N is countable). Moreover, we have G ⊆ F because F is closed and
cu ∈ Cu ⊆ F for all u ∈ 2<N. It only remains to show that G cannot be covered by fewer than 2ℵ0

lines. For any v = (vn)n∈N ∈ {0, 1}N, let

Gv :=
⋂

n≥0
G ∩ C(v0,...,vn).

Since Y × Z is Hausdorff, Cantor’s intersection theorem ensures that Gv is non-empty. Furthermore,
if w ∈ {0, 1}N is distinct from v, then πY (Gv) ∩ πY (Gw) = πZ(Gv) ∩ πZ(Gw) = ∅ by (ii). It follows
that each line can only cover Gv for at most one v ∈ {0, 1}N, so G cannot be covered by fewer
than |{0, 1}N| = 2ℵ0 lines.
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Proof of Theorem 8.2. The closure operator induces a surjection of (Y ×Z)N into the set of separable
closed subsets of Y × Z, so the latter has cardinality at most |Y × Z|ℵ0 = (2ℵ0 · 2ℵ0)ℵ0 = 22·ℵ2

0 = 2ℵ0 .
This allows us to enumerate all separable closed subsets of Y × Z that cannot be covered by fewer
than 2ℵ0 lines as (F (α))α∈κ, where κ is an ordinal number not bigger than the smallest ordinal number
with cardinality 2ℵ0 . By transfinite recursion, we are going to construct two injective maps

(i, j, α) ∈ {1, 2, 3} × {1, 2, 3} × κ 7−→ a
(α)
i,j ∈ Y,

(i, j, α) ∈ {1, 2, 3} × {1, 2, 3} × κ 7−→ b
(α)
i,j ∈ Z,

such that
(
a

(α)
i,j , b

(α)
i,j

)
∈ F (α) for all i, j ∈ {1, 2, 3} and α ∈ κ.

Let α ∈ κ and assume that we have already constructed a
(β)
i,j and b

(β)
i,j for all i, j ∈ {1, 2, 3}

and β < α. Since |α| < 2ℵ0 , F (α) cannot be covered by 18 · |α| + 18 lines by assumption. Therefore,

F (α) \
( {

a
(β)
k,l

∣∣∣ k, l ∈ {1, 2, 3}, β < α
}

⊕
{

b
(β)
k,l

∣∣∣ k, l ∈ {1, 2, 3}, β < α
} )

contains at least 9 points whose both coordinates are pairwise distinct. Denote them by
(
a

(α)
i,j , b

(α)
i,j

)
for i, j ∈ {1, 2, 3}, thereby defining a

(α)
i,j and b

(α)
i,j as desired. Note that a

(α)
i,j (resp. b

(α)
i,j ) is indeed

distinct from the a
(β)
k,l (resp. b

(β)
k,l ) for k, l ∈ {1, 2, 3} and β < α.

Now, for all i, j ∈ {1, 2, 3}, let us set

A◦
i :=

{
a

(α)
i,k

∣∣∣ α ∈ κ, k ∈ {1, 2, 3}
}

and B◦
j :=

{
b

(α)
k,j

∣∣∣ α ∈ κ, k ∈ {1, 2, 3}
}

.

By injectivity, the sets A◦
1, A◦

2, A◦
3 (resp. B◦

1 , B◦
2 , B◦

3) are pairwise disjoint. Thus, setting

A1 := A◦
1, A2 := A◦

2, and A3 := Y \ (A◦
1 ∪ A◦

2) = A◦
3 ∪ (A◦

1 ∪ A◦
2 ∪ A◦

3)∁,

B1 := B◦
1 , B2 := B◦

2 , and B3 := Z \ (B◦
1 ∪ B◦

2) = B◦
3 ∪ (B◦

1 ∪ B◦
2 ∪ B◦

3)∁,

we obtain partitions {A1, A2, A3} and {B1, B2, B3} of Y and Z respectively. Let F be a closed
subset of Y × Z that cannot be covered by countably many lines. By Theorem B.1, there is an
ordinal number α ∈ κ such that F (α) ⊆ F . Then, for any i, j ∈ {1, 2, 3}, F ∩ (Ai × Bj) contains the
point

(
a

(α)
i,j , b

(α)
i,j

)
by construction.

References

[Bör84] Reinhard Börger. Connectivity spaces and component categories. Categorical topology,
Proc. int. Conf., Toledo/Ohio 1983, Sigma Ser. Pure Math. 5, 71-89. 1984.

[Bör92] Reinhard Börger. “How to make a path injective”. In: Recent developments of general topol-
ogy and its applications. International conference in memory of Felix Hausdorff. Akademie-
Verlag, Berlin, 1992, pp. 57–59. isbn: 978-3-05-501423-9.

[Bra24] Jeremy Brazas. “Constructing arcs from paths by collapsing subloops”. In: Rocky Mountain
Journal of Mathematics 54.4 (2024), pp. 965–974. doi: 10.1216/rmj.2024.54.965.

[Can97] Georg Cantor. “Beiträge zur Begründung der transfiniten Mengenlehre. (Zweiter Artikel.)”
In: Mathematische Annalen 49 (1897), pp. 207–246. doi: 10.1007/BF01444205.

[CC00] James W. Cannon and Gregory R. Conner. “The big fundamental group, big Hawaiian
earrings, and the big free groups”. In: Topology and its Applications 106.3 (2000), pp. 273–
291. doi: 10.1016/S0166-8641(99)00104-2.

[Col71] Pieter J. Collins. “Concordant mappings and the concordant-dissonant factorization of an
arbitrary continuous function”. In: Proceedings of the American Mathematical Society 27
(1971), pp. 587–591. issn: 0002-9939. doi: 10.2307/2036503.

36

https://doi.org/10.1216/rmj.2024.54.965
https://doi.org/10.1007/BF01444205
https://doi.org/10.1016/S0166-8641(99)00104-2
https://doi.org/10.2307/2036503


[Dug10] Stéphane Dugowson. “On connectivity spaces”. In: Cahiers de Topologie et Géométrie
Différentielle Catégoriques 51.4 (2010), pp. 282–315. issn: 1245-530X.

[Eng89] Ryszard Engelking. General Topology. Vol. 6. Sigma Series in Pure Mathematics. Helder-
mann, 1989. doi: 10.1007/978-94-017-1959-9_2.

[HB99] Bijan Honari and Yousef Bahrampour. “Cut-point spaces”. In: Proceedings of the American
Mathematical Society 127.9 (1999), pp. 2797–2803. doi: 10.1090/S0002-9939-99-04839-X.

[Hun35] Edward V. Huntington. “Inter-relations among the four principal types of order”. In:
Transactions of the American Mathematical Society 38 (1935), pp. 1–9. doi: 10.2307/19
89726.

[Jec67] Tomáš Jech. “Non-provability of Souslin’s hypothesis”. In: Commentationes Mathematicae
Universitatis Carolinae 8 (1967), pp. 291–305. issn: 0010-2628. url: https://eudml.org
/doc/16215.

[Kec95] Alexander Kechris. Classical Descriptive Set Theory. Vol. 156. Graduate Texts in Mathe-
matics. Springer-Verlag, New York, 1995. doi: 10.1007/978-1-4612-4190-4.

[Kur72] Kazimierz Kuratowski. Introduction to Set Theory and Topology. 2nd ed. Vol. 13. Inter-
national Series of Monographs on Pure and Applied Mathematics. Pergamon Press, 1972.
doi: 10.1016/C2013-0-02392-4.

[MB06] Joseph Muscat and David Buhagiar. “Connective spaces”. In: Memoirs of the Faculty of
Science and Engineering. Shimane University. Series B. Mathematical Science 39 (2006),
pp. 1–13. issn: 1342-7121. url: https://www.math.shimane-u.ac.jp/memoir/39/D.Bu
hagiar.pdf.

[Mun00] James R. Munkres. Topology. 2nd ed. Prentice Hall, Inc., Upper Saddle River, NJ, 2000.
isbn: 978-0-13-181629-9.

[Oxt80] John C. Oxtoby. Measure and Category. 2nd ed. Graduate Texts in Mathematics. Springer-
Verlag New York Inc. 1980, 1980. doi: 10.1007/978-1-4684-9339-9.

[PC13] Liang-Xue Peng and Shi-Tong Cao. “A note on cut(n)-spaces and related conclusions”. In:
Topology and its Applications 160.5 (2013), pp. 739–747. doi: 10.1016/j.topol.2013.01.0
23.

[Pen16] Keith Penrod. “Big fundamental groups: Generalizing homotopy and big homotopy”. In:
Topology and its Applications 204 (2016), pp. 15–22. doi: 10.1016/j.topol.2016.02.006.

[PH08] Liang-Xue Peng and Guifang Huang. “The properties of cut∗ topological spaces”. In: Acta
Mathematica Scientia. Series A. (Chinese Edition) 28.3 (2008), pp. 472–479. issn: 1003-
3998.

[Ser98] Jean Serra. “Connectivity on complete lattices”. In: Journal of Mathematical Imaging and
Vision 9.3 (1998), pp. 231–251. doi: 10.1023/A:1008324520475.

[Sie18] Wacław Sierpiński. “Un théorème sur les continus”. In: Tôhoku Mathematical Journal,
First Series 13 (1918), pp. 300–303. issn: 0040-8735.

[SS15] Bärbel M. R. Stadler and Peter F. Stadler. “Connectivity spaces”. In: Mathematics in
Computer Science 9.4 (2015), pp. 409–436. doi: 10.1007/s11786-015-0241-1.

[Wil70] Stephen Willard. General topology. Reading, Mass.-London-Don Mills, Ont.: Addison-
Wesley Publishing Co., 1970. isbn: 978-0-486-43479-7.

37

https://doi.org/10.1007/978-94-017-1959-9_2
https://doi.org/10.1090/S0002-9939-99-04839-X
https://doi.org/10.2307/1989726
https://doi.org/10.2307/1989726
https://eudml.org/doc/16215
https://eudml.org/doc/16215
https://doi.org/10.1007/978-1-4612-4190-4
https://doi.org/10.1016/C2013-0-02392-4
https://www.math.shimane-u.ac.jp/memoir/39/D.Buhagiar.pdf
https://www.math.shimane-u.ac.jp/memoir/39/D.Buhagiar.pdf
https://doi.org/10.1007/978-1-4684-9339-9
https://doi.org/10.1016/j.topol.2013.01.023
https://doi.org/10.1016/j.topol.2013.01.023
https://doi.org/10.1016/j.topol.2016.02.006
https://doi.org/10.1023/A:1008324520475
https://doi.org/10.1007/s11786-015-0241-1

	Introduction
	Context
	Main results
	Connectivity spaces, informally
	Outline
	Acknowledgements

	Preliminaries
	Linear continua, big intervals, big paths
	Big circles
	Cyclic orders, separation relations
	Intervals, denseness, order-completeness of separation relations.

	Flimsy connectivity spaces
	Connectivity spaces
	Properties of 2-flimsy connectivity spaces
	There are no 3-flimsy connectivity spaces
	C-connected subsets of 2-flimsy connectivity spaces
	The separation relation associated to a 2-flimsy connectivity space

	Flimsy topological spaces
	Big-path-flimsy topological spaces
	Path-flimsy topological spaces
	A triple equivalence
	An example of a 2-path-flimsy space that is not 2-big-path-flimsy
	Strategy
	Reparametrization of paths into light paths
	Proof of Proposition 8.7
	The lexicographic order on sequences of real numbers

	Proof of axiom (C4) for big-path-connected subsets
	Bernstein rectangles

