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ABSTRACT. We study n-flimsy spaces, which are the topological spaces that remain connected when
removing fewer than n points but become disconnected when removing exactly n points. We show
that no such space exists for n > 3, and that the compact 2-flimsy spaces are precisely the dense and
order-complete cyclically ordered sets equipped with their order topology. Furthermore, we examine
variants of the definition obtained by replacing connectedness by path-connectedness, where paths
are either parametrized by [0, 1] or by arbitrary compact linear continua.
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1. INTRODUCTION

1.1. Context

A classical argument showing that R is not homeomorphic to R? for d > 1 goes as follows: when
removing any single point, the space R becomes disconnected, whereas R? stays connected. A
tempting generalization is to remove more than a single point, leading to the following definition:

Definition 1.1. Let n € N. A topological space X is n-flimsy if | X| > n and if, for any subset S C X,
the set X \ S is connected whenever |S| < n and is not connected whenever |S| = n.
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For instance, the line R is 1-flimsy, and the circle S! := R/Z is 2-flimsy. On the other hand,
when d > 2, the spaces R? and S? are not n-flimsy for any n. Flimsiness is a topological invariant of
a space—in fact, it is preserved not only by homeomorphisms, but by any bijective map preserving
connectedness and non-connectedness.

In the literature, 1-flimsy spaces have been studied under the name cut-point spaces, cf. [HB99].
It has been shown that there are no compact cut-point spaces, and that there is a specific countable
cut-point space that is minimal in a certain sense, the Khalimsky line. Other examples of 1-flimsy
spaces include any topological tree without leaves,! two copies of the topologist’s sine curve glued
back to back (a non-path-connected example), and the long line (more generally, any linear continuum
without ends, cf. Corollary 2.5).

There has also been previous work on 2-flimsy spaces (under the name cut* spaces) and n-flimsy
spaces (under the name cut(™-spaces) in the articles [PHO8, PC13]. There, it was shown that there
are no locally compact n-flimsy spaces when n > 3 (a result that we improve in Theorem 1.3) and
that all n-flimsy spaces are Hausdorff when n > 2 (a result that we recover in Proposition 4.3).
The term flimsy spaces was coined in a 2018 math.stackexchange question by user “Babelfish”, who
explicitly raised the question of the existence of a 3-flimsy space (which we answer in Theorem 1.3).2

Besides the circle, examples of 2-flimsy spaces include a non-compact variant of the Warsaw circle
(Example 4.4), as well as the (non-path-connected) one-point compactification of the long line (more
generally, any big circle, see Definition 2.6 and Proposition 2.7). However, we shall see that 2-flimsy
spaces are less diverse than cut-point spaces: they are all somewhat circle-like.

Other notions of connectedness. Besides the usual notion of connectedness, the definition of
flimsy spaces naturally extends to any other notion expressing the idea of “being in one piece”. In
this paper, we consider two variants. The first is the standard notion of path-connectedness, requiring
that any two points be joined by a path—a continuous map from the standard interval [0,1]. The
second, called big-path-connectedness, allows paths parametrized by longer intervals. More precisely,
a big path is a continuous map whose domain is a big interval—a totally-ordered set that is compact
and connected when equipped with the order topology (Definition 2.1). This terminology is borrowed
from [CCO0, Penl6], where big paths are used to extend homotopy theory to spaces that are “so
large” that paths and homotopies parametrized by [0, 1] do not adequately capture their geometry.

Definition 1.2. Let n € N. A topological space X is n-(big-)path-flimsy if | X| > n and if, for any
subset S C X, the set X\ S is (big-)path-connected whenever |S| < n and is not (big-)path-connected
whenever |S| = n.

1.2. Main results

Our first main result is the following theorem, answering the original question of Babelfish:

Theorem 1.3 (cf. Theorem 3.13 and Propositions 4.1, 5.1 and 6.2). Let n > 3 be an integer. There
are no n-flimsy spaces, no n-big-path-flimsy spaces, and no n-path-flimsy spaces.

Since there are no n-flimsy spaces when n > 2, and since 1-flimsy spaces (cut-point spaces)
are already well-studied, the remainder of the article is devoted to 2-flimsy spaces and to their
classification. The first non-trivial properties of 2-flimsy spaces that we prove are that removing
any two distinct points always leaves exactly two connected components (Proposition 3.5), and that
the 2-flimsy spaces are exactly the T spaces in which the complement of any connected subset is

n particular, the number of connected components of the space obtained after removing a single point may depend
on the point. In Proposition 3.5, we will see that 2-flimsy spaces are more constrained.

2See https://math.stackexchange.com/questions/2939445/flimsy-spaces-removing-any-n-points-results-in-disco
nnectedness for the original question. See also https://math.stackexchange.com/questions/3044369/more-on-flims
y-spaces for a version taking higher homotopy groups into account.
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connected (Corollary 3.9). The same properties hold for 2-(big-)path-flimsy spaces, replacing the
notion of connectedness everywhere appropriately.

A key fact for the classification of 2-flimsy spaces is the following connection between all 2-flimsy
spaces and compact 2-flimsy spaces.

Theorem 1.4 (proved in Section 4). Let (X, 7) be a 2-flimsy topological space. Then, X is Hausdorff,
and there exists a unique topology Tk on X coarser than T such that (X, 7K) s a compact 2-flimsy
space. Namely, Tk is the topology generated by the connected components of the subsets X \ {z,y} as
(x,y) ranges over all pairs of distinct points of X. Furthermore, (X,7) and (X, 7K) have the same
connected subsets and the same open connected subsets.

For 2-big-path-flimsy spaces, we obtain a dual statement in which the roles of compactness and
HausdorfIness are swapped.

Theorem 1.5 (proved in Section 5). Let (X, 7) be a 2-big-path-flimsy topological space. Then, X is
compact, and there exists a unique topology Ty on X finer than T such that (X, ) is a Hausdorff
2-big-path-flimsy space. Namely, g is the topology generated by the big-path-connected components
of the subsets X \ {x,y} as (x,y) ranges over all pairs of distinct points of X. Furthermore, (X, 1)
and (X, ) have the same big-path-connected subsets and the same big paths.

We have an exactly analogous statement for path-connectedness.

Theorem 1.6 (proved in Section 6). Let (X, 7) be a 2-path-flimsy topological space. Then, X is
compact, and there exists a unique topology Ty on X finer than T such that (X, ) is a Hausdorff
2-path-flimsy space. Namely, Ty is the topology generated by the path-connected components of the
subsets X \ {z,y} as (z,y) ranges over all pairs of distinct points of X. Furthermore, (X,T) and
(X, ) have the same path-connected subsets and the same paths.

The next step is to classify compact 2-flimsy spaces and Hausdorff 2-(big-)path-flimsy spaces.
This is done by relating them to order theory. The following theorem vastly generalizes [Wil70,
Theorem 28.14], which deals with the special case of metric spaces:

Theorem 1.7 (proved in Section 7). Let X be a topological space. Then, the following assertions are
equivalent. Furthermore, if they hold, a subset of X is connected if and only if it is big-path-connected.

(i) The space X is compact and 2-flimsy.

(ii) The space X is Hausdorff and 2-big-path-flimsy.
(iii) The space X is 2-flimsy and 2-big-path-flimsy.
(iv) The space X is a big circle (cf. Definition 2.6).

Although Theorem 1.7 gives a classification of compact 2-flimsy spaces and of Hausdorff 2-big-
path-flimsy spaces in terms of the order-theoretic notion of linear continuum (cf. Definitions 2.1
and 2.6), it should be noted that the list of linear continua depends heavily on the specific axioms
chosen for set theory, cf. [Jec67].

In contrast, the catalog of Hausdorff 2-path-flimsy spaces is reduced to a single reference object:

Theorem 1.8 (cf. Theorem 6.3). Any Hausdorff 2-path-flimsy space is homeomorphic to the standard
circle S*.

The assumptions of our theorems are minimal, and the three different notions of 2-flimsiness are
generally independent of one another. Indeed, Example 4.4 exhibits a non-compact 2-flimsy space (a
variant of the Warsaw circle), which is thus neither 2-big-path-flimsy nor 2-path-flimsy. Moreover,
we prove in Example 5.3 that keeping only the co-countable open subsets in the topology of S*



yields a non-Hausdorff 2-big-path-flimsy space, which is thus not 2-flimsy. While it turns out that
this particular example is also 2-path-flimsy (see Example 6.4), we obtain many 2-big-path-flimsy
spaces that are not 2-path-flimsy using Theorems 1.7 and 1.8, such as the big circles that come
from extended long lines (see also Proposition 8.1). Constructing a 2-path-flimsy space that is not
2-big-path-flimsy is more complex. This is the purpose of Section 8, which does so by endowing S*
with a highly pathological topology defined using a map that, loosely speaking, visits every place of
the circle at every moment. The construction of that map relies on a generalization of Bernstein sets
for products of topological spaces (Theorem 8.2), which may be of independent interest.

1.3. Connectivity spaces, informally

In fact, a significant part of our work studies Definitions 1.1 and 1.2 in a unified way, using an
axiomatic notion of connected subsets that encompasses connectedness (Proposition 4.1), big-path-
connectedness (Proposition 5.1), and path-connectedness (Proposition 6.2). This notion of connec-
tivity spaces may be of independent interest—we present it in detail in Subsection 3.1. It consists of
the four following axioms (see Definition 3.1 for a more formal description):

any singleton is connected;
e any union of non-disjoint connected subsets is connected;

o if removing a point z from a connected subset A disconnects it, then A remains connected
upon removing any of the connected components of A\ {z};

e if A and B are two connected subsets whose union is also connected, then there are two
possibilities: either there is a point z € A U B such that both AU {z} and B U {z} are
connected (a “button”), or there is a connected subset S C A U B whose intersection with A
or with B is not connected (a “seam”). (This is a weak converse to the second axiom.)

Illustration of the axioms. The following figure illustrates the third axiom:
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Figure 1: In this example, removing z yields three components C, C and ('3, and indeed removing C;
(for any i € {1,2,3}) does not disconnect the figure.

The next two figures illustrate the two situations that the fourth axiom allows:

Figure 2: A “button” situation.



Figure 3: A “seam” situation. The red (dotted) region A consists of the bottom horizontal edge
together with the red vertical stripes, and the blue (non-dotted) region B consists of the top edge
together with the blue vertical stripes. If the red and blue stripes alternate “densely often” and
we are thinking in terms of (big-)path-connectedness, then it is impossible to find a button as in
Figure 2, but a seam S does indeed exist.

Comparison of connectivity spaces with other notions. Previous definitions for connectivity
spaces have been proposed and studied in [B6r84, Ser98, MB06, Dugl0] among others; see [SS15] for
a general survey. However, our specific collection of axioms seems original: it is weaker than that
of a “connectology” as defined in [MBO06] (our third axiom (C3) is weaker than their axiom (iv),
and our fourth axiom (C4) is weaker than their axiom (iii)), but stronger than that of an “integral
connectivity space” as defined in [SS15] (where our third and fourth axioms are not mentioned). The
reason for our choices is to ensure that topological spaces equipped with their (big-)path-connected
subsets are connectivity spaces, while retaining the ability to establish the key properties of flimsy
spaces (see also Remark 3.16).

1.4. Outline

In Section 2, we recall definitions of standard order-theoretic structures, the connections between
them, and some of their elementary properties related to flimsiness; we also define big circles and
big-path-connected spaces. In Section 3, we introduce our axiomatic notion of connectivity spaces,
we study 2-flimsy connectivity spaces, and we show that there are no n-flimsy connectivity spaces
when n > 3 (Theorem 3.13). In Section 4, we specialize the results of Section 3 to the usual notion
of connectedness to prove Theorem 1.4. In Section 5 and Section 6, we similarly deal with big-path-
connectedness and path-connectedness, and we prove Theorems 1.5, 1.6 and 1.8. In Section 7, we
unify various “circle-like structures” by explaining how 2-flimsy connectivity spaces can be equiva-
lently described through the lens of topology or of order theory, and we prove Theorem 1.7. Finally,
in Section 8, we construct a 2-path-flimsy space which is not 2-big-path-flimsy.
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2. PRELIMINARIES

2.1. Linear continua, big intervals, big paths

A (strictly) ordered set (X, <) is a linear order if the strict order < is total, dense if |X| > 2
and if whenever x < y there exists z € X with x < z < y, and order-complete if any non-empty
subset S C X with an upper bound admits a supremum. We say that a linear order (X, <) is without
ends if X has neither a minimum nor a maximum, and with ends if X has both a minimum and a



maximum. The open intervals of X are the sets of the following forms: (x,y) := {z eX ’ r<z< y},

(—o0,y) = {z € X ’ z < y}, (x,+00) = {z € X ’ x < z}, (—00,4+00) := X. The order topology
of (X, <) is the topology on X generated by the open intervals.

Definition 2.1. A topological space X is a linear continuum if its topology is the order topology
associated with some dense order-complete linear order on X. A big interval is a linear continuum
associated with a dense order-complete linear order with ends.

Big intervals generalize the standard interval [0, 1] C R. As such, big intervals induce a generalized
notion of path-connectedness as follows:

Definition 2.2. Let X be a topological space. For any points z,y € X, a big path (on X) from z toy
is a continuous map v: L — X, where L is a big interval, mapping the minimum and the maximum
of L to x and y, respectively. The space X is big-path-connected if for any two points x,y € X, there
is a big path from z to y. (Note that @ is big-path-connected.)

Let us briefly discuss some properties of big-path-connectedness (see also Section 5). The notion
of two points being joinable by a big path defines an equivalence relation on points of X—transitivity
follows from the possibility of concatenating two big intervals L1 and Lo by identifying the maximum
of Ly with the minimum of L. Moreover, for any continuous map f: X — Y and any big path
v: L — X on X, the composition foy: L — Y is a big path on Y. It follows that the image of a
big-path-connected space under a continuous map is also big-path-connected.

The following proposition gathers some basic properties of linear continua.

Proposition 2.3. Let X be the linear continuum associated to some dense order-complete linear
order < on X. Then, the following properties hold:

(i) The space X is Hausdorff.
(ii) The connected subsets of X are exactly the intervals® of (X, <). In particular, X is connected.
(iii) The open connected subsets of X are exactly the open intervals of (X, <).

(iv) The compact connected subsets of X are exactly the closed intervals, i.e., the subsets of the
form [a,b] := {z eX ‘ a<z< b} for some a,b € X. In particular, X is compact if and only
if (X, <) has both a minimum and a mazimum, i.e., if X is a big interval.

Proof. These facts are classical; cf. [Mun00, Theorem 24.1, Theorem 27.1]. The proofs are straight-
forward adaptations of the corresponding proofs in the classical special case X = R. O

These facts allow us to relate big-path-connectedness and connectedness:

Corollary 2.4. Any big-path-connected space is connected, and any linear continuum is big-path-
connected. In a linear continuum, a subset is big-path-connected if and only if it is connected.

Proof. By Proposition 2.3 (ii), any big interval is connected, so the image of any big path is connected
as the continuous image of a big interval. Therefore, any big-path-connected space is connected: it
is the union of the images of all the big paths starting from a common (arbitrary) basepoint.

Now, consider a linear continuum X. For any a,b € X with a < b, the interval [a,b] is a big
interval, so the identity map [a,b] — [a, b] is a big path joining a to b. Thus, every linear continuum
is big-path-connected.

The last point follows from the first two: we have shown that all big-path-connected subsets are
connected, and by Proposition 2.3 (ii), any connected subset of a linear continuum is an interval;
hence, it is itself a linear continuum, so it is big-path-connected. O

3The intervals are the subsets of one of the forms (a,b), [a,b), (a,b], [a,b] where a,b € X U {£o0}.



Finally, from the description of the (big-path-)connected subsets of linear continua (Proposi-
tion 2.3 (ii) and Corollary 2.4), we easily deduce the following:

Corollary 2.5. Any linear continuum without ends is 1-flimsy and 1-big-path-flimsy.

2.2. Big circles

In the same way that big intervals generalize the segment [0, 1], we can generalize the standard circle
by identifying the two ends of a big interval:

Definition 2.6. A big circle is a topological space obtained by identifying the minimum and the
maximum of a big interval, equipped with the quotient topology.

Big circles are the flagship examples of 2-(big-path-)flimsy spaces:
Proposition 2.7. Any big circle is Hausdorff, compact, 2-flimsy and 2-big-path-flimsy.

Proof. Let X be a big circle. By definition, there exists a dense order-complete linear order (X <)
with ends (denoted 0 = min X and 1 = max X) such that X is the quotient of X identifying 0
and 1 (we denote by e their common image in X). In particular, since X is compact, connected,
and big-path-connected by Proposition 2.3 and Corollary 2.4, so is its image X under the continuous
surjection 7: X — X. Similarly, the images of the intervals (0,1), [0,z), and (z,1] under 7 are
connected and big-path-connected for all 2 € (0,1). Thus, the sets X \ {e} = 7[‘((6, 1)) and X \
{n(z)} = ([0, 2)) Un((x,1]) are connected and big-path-connected.

Now, observe that if an open subset U of X either avoids or contains {0, 1}, then 7 1(x(U)) = U,
SO 7T(U ) is open in X. This observation 1mphes that X inherits the Hausdorff property from X.
Moreover, for any z,y € X with 0 < 2 <y < 1, it implies that the subsets 7 ((z, y)) and 7 ((—o0, z)U
(y, +00)), and 7((0,2)) and 7((x,1)) are all open in X. When 7(z) # n(y), it follows that X \
{m(z),7(y)} is not connected as the disjoint union of two non-empty open subsets. It is not big-
path-connected either, thanks to Corollary 2.4. O

2.3. Cyclic orders, separation relations

The main results of this article deal with relating 2-flimsy spaces to certain order-theoretic structures.
Since a 2-flimsy space (just like the ordinary circle) has neither a canonical distinguished “point at
infinity” nor a canonical “sense” (or orientation), it is more natural to use a notion of order that is
less conventional than linear orders, namely separation relations. In this subsection, we recall known
facts about these relations and explain how they are related to linear orders.

Cyclic orders. Let X be a linear order with ends (denoted 0 and 1), and let X be the quotient
set obtained by identifying 0 and 1 into a single point, denoted by e. Then, X is equipped with a
cyclic order [—, —, —], induced by the order of X: the ternary relation [z, y, 2] must be understood as
meaning when rotating positively around X starting from x, we encounter y before z”. Concretely,
if z,y, z are distinct points of X \ {e}, we have

[,y,2] when (z<y<z)or(z<z<y)or(y<z<uz). (2.1)
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Figure 4: The three possible meanings of [z,y, z] when z,y,z € X \ {e}.

The definition when one of z, y, or z is e is analogous: the three relations [z, y, €], [y, e, z] and [e, z, y]
are all equivalent to x < y. The notion of cyclic orders can be axiomatized without reference to
linear orders (cf. [Hun35, 3.]), and conversely any cyclic order induces a linear order by picking an
arbitrary point e and by cutting at that point. More precisely:

Theorem 2.8 ([Hun35, Paragraphs 1.2 and 2.1]). Any (total) cyclic order is induced from a linear
order with ends using the procedure described in Equation (2.1). Moreover, two linear orders with
ends induce the same cyclic order if and only if they are cyclic rearrangements of each other.*

Separation relations. Cyclic orders come in pairs: if [—, —, —] is a cyclic order, the opposite
cyclic order [—, —, —|°P is defined by the equivalence [z, y, z]°P < [z, y,z]. In order to specify a cyclic
order without choosing a sense (that is, a pair of two opposite cyclic orders), we use the notion of
separation relations (also called point-pair separations). We refer to [Hun35, 4.] for a reference on
these relations. We interpret separation relations in terms of “intersecting chords”, as this will be
a more natural way to think about them when relating them to 2-flimsy spaces—consequently, the
notation “ABCD” in [Hun35] corresponds to {A,C}L{B, D} in our framework.

Definition 2.9. Let X be a set. A chord {a,b} is an unordered pair of distinct points a,b € X. We
denote by Chords(X) the set of all chords of X.

Definition 2.10. A separation relation on X is a binary relation L on Chords(X) such that:

(S1) L is a symmetric relation: {a,b}1{c,d} < {c,d}L{a,b}.

(S2) For all a € X and b,c € X \ {a}, we have {a,b} L {a,c}.

(S3) If a, b, c,d are four distinct points of X, exactly one of the following holds:
{a,b}L{c,d}, {a,c}L{b,d}, {a,d}L{b,c}.

For example, in the drawings below, only the chords {a,c} and {b,d} intersect.

b b b

d d d

4Let X be a linear order with minimum y+ and maximum y~. A cyclic rearrangement of X is a linear order of the
form {z7} U (z,y7) U {y} U (y",2) U {z~} for some point x € X \ {yT,y "} (the order on the disjoint union is the
concatenation of the respective orders, where summands are read from left to right)—the two ends y* and y~ have
been merged into a single point y, and the point 2 has been split into two ends T and =~ .



(S4) For any five distinct points a, b, ¢, d, e of X, either none or exactly two of the following hold:

{a,b} L{c,d},  {a,b}L{d,e},  {a,b}L{c e}.
Below, we depict on the left a situation where none of the properties hold, and on the right a

situation where both {a,b}L{c,e} and {a,b}L{d, e} hold.

d d

Any cyclic order [—, —, —] on a set X induces a natural separation relation L on X, defined as
follows (cf. [Hun35, Paragraph 1.5]):

{a,}1{c,d} when ([a,c,b] and [b,d,a]) or ([a,d,d] and [b,c,a]). (2.2)

Theorem 2.11 ([Hun35, Paragraph 4.2]). Any separation relation is induced from a cyclic order us-
ing the procedure described in Equation (2.2). Moreover, two cyclic orders induce the same separation
relation if and only if they are equal or opposite.

2.4. Intervals, denseness, order-completeness of separation relations.

Let (X, L) be a set equipped with a separation relation.

Definition 2.12. An open interval of (X, L) is a set of one of the two forms

Lye(a,b) = {d € X \ {a,b,c} ] {a,0} L{e,d}}  or  Is(a,b) = (X \ {a,0}) \ Le(a,b),
where a,b,c € X are distinct. We call I3.(a,b) and Is.(a,b) the open intervals between a and b.

For distinct a,b,c € X, note that ¢ ¢ Iy.(a,b) and ¢ € Is.(a,b). Moreover, axiom (S4) implies
that for any d € Iz.(a,b) we have I5.(a,b) = Iz4(a,b).

Definition 2.13. The order topology of (X, L) is the topology on X generated by the open intervals.

Definition 2.14. We say that (X, L) is dense if | X| > 2 and if for any {a,b} € Chords(X) there
is a {¢,d} € Chords(X) such that {a,b}L{c,d}. By axiom (S4), assuming that |X| > 3 (which is a
necessary condition), this is equivalent to all open intervals being non-empty.

We say that (X, 1) is order-complete if, for any open interval I, the union of any non-empty
chain of open intervals contained in I is an open interval.

Observing what intervals become under the equivalences of Theorems 2.8 and 2.11, we obtain:

Proposition 2.15. Assume that |X| > 3. Let (X,<) be a linear order with ends inducing the
separation relation L on X wia the equivalences of Theorems 2.8 and 2.11, and let w: X - X
be the natural surjection identifying both ends of X. Then, for any a,b € X such that a < b and
m(a) # m(b), the open intervals of (X, L) between m(a) and w(b) are exactly w((a,b)) and X \7([a,b]).

Corollary 2.16. Assume that |X| > 3 and that (X', <) is a linear order with ends inducing the
separation relation 1 on X wvia the equivalences of Theorems 2.8 and 2.11. Then:

e (X,1) is dense if and only if the linear order (X, <) is dense.



o (X, 1) is order-complete if and only if the linear order ()Z', <) 1is order-complete.

Proof. The first point readily follows from Proposition 2.15. For the second point, observe that
for any subset S of X, for any sy € S, and for any s+ € X with sp < S+, the set S admits sy

as its supremum if and only if Uscq[s0,5) = [s0,s4+). Likewise, for s_ € X with s_ < s9, S
admits s_ as its infimum (namely, s_ is the supremum of the set of lower bounds of \S) if and only
if Uses(s, s0] = (s—,s0]. Then, the second point follows easily from Proposition 2.15. O

We recall a standard result about the comparison of Hausdorff and compact topologies. This fact
is used several times throughout the paper.

Lemma 2.17. Let X be a set and let 11,7 be two topologies on X such that (X, 1) is Hausdorff
and (X, 12) is compact. If 1y C o, then 11 = To.

Proof. Since 71 C 79, the identity map of X is a continuous bijection from the compact space (X, 72)
to the Hausdorff space (X, 71). Hence, it is a homeomorphism by [Wil70, Theorem 17.14], which
means that 7 = . O

Using this fact, we conclude this section with a characterization of big circles:

Theorem 2.18. A topological space (X, T) is a big circle (Definition 2.6) if and only if there is a
dense and order-complete separation relation 1 on X such that T is the order topology of (X, L).

Proof. Using the definition of big circles on the one hand, and the equivalences of Theorems 2.8
and 2.11 together with Corollary 2.16 on the other hand, this reduces to the following claim: for any
dense and order-complete linear order ()~( , <), with ends 0 and 1, letting X be the quotient of X
obtained by identifying 0 and 1 and letting L be the dense order-complete separation relation on X
induced by < (cf. Equations (2.1) and (2.2) and Corollary 2.16), the order topology 71 of (X, L) (Def-
inition 2.13) coincides with the quotient topology 72 on X induced by the order topology of ()? ,<).
We shall prove that 7 = 7 by using Lemma 2.17.

First, we know from Proposition 2.7 that the big circle (X, 75) is compact.

Second, if z,y € X are distinct, then by density there exists {w,z} € Chords(X) such that
{z,y}L{w, 2z}, which lets us observe that x € Is,(w, z) and y € Iz, (w, z) by axiom (S1). Since the
open intervals Is.(w, z) and Iy, (w, z) of (X, L) are disjoint, it follows that (X, 71) is Hausdorff.

By Lemma 2.17, the claim then reduces to verifying that 71 C 7o, i.e., that all open intervals
of (X, L) belong to 72. This is a consequence of Proposition 2.15. Indeed, for any a,b € X such that
a < b, (a,b) avoids the ends of (X, <) so the inverse image under the natural projection : XX
of 7((a,b)) is (a,b), which is open. Depending on whether {a, b} contains one of the ends of (X, <),
the inverse image of X \ 7([a, b)) is either (—o0,a)U (b, +00) or (0,a) or (b, 1), which are all open. [J

3. FLIMSY CONNECTIVITY SPACES

In this section, we prove key properties of 2-flimsy spaces, using our axiomatic notion of connected
subsets. Notably, we show that:

(Proposition 3.5) The complement of any pair of two distinct points of a 2-flimsy space has exactly
two connected components.

(Corollary 3.9) 2-flimsy spaces can be equivalently characterized as those T spaces in which the
complement of any connected subset is connected.

(Theorem 3.13) There are no n-flimsy spaces for any integer n > 3.

(Corollary 3.15) The connected subsets of a 2-flimsy space X are exactly the following: @, X,
singletons and their complements, and subsets of the form C, CU{z}, CU{z,y} for some pair
of distinct points z,y € X and some connected component C of X \ {z,y}.
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3.1. Connectivity spaces

Whether a topological space X is n-flimsy only depends on the set of its connected subsets, which is
less information than the full topological structure. In order to prove things in more generality, we
reason just in terms of connected subsets—this will allow us to treat the case of connectedness and
(big-)path-connectedness in a unified manner. To this end, we use the following axioms:

Definition 3.1. A connectivity space is a pair (X,C) where X is a set and C is a set of parts of X
satisfying the following properties (we say that C is a connectivity on X).

(C1) For any x € X, we have {z} € C.
(C2) Forany C CC,if C # @, then YC € C. (In particular, & € C.)

(C3) For any Y € C and any x,y € Y, the subset C' :=J {Z eC ‘ yeZand ZCY\ {x}} satisfies
Y\CeCcC.

(C4) For any non-empty A, B € C such that AU B € C, at least one of the following holds:

(i) there exists z € AU B such that AU{z} € C and BU {z} € C; or
(ii) there exists S € C with S € AU B such that SNA¢Cor SNB ¢C.

We shall see in Proposition 4.1 (resp. in Proposition 5.1, in Proposition 6.2) that any topological
space together with the set of its connected subsets (resp. its big-path-connected subsets, its path-
connected subsets) is a connectivity space. Axiom (C4) is not used in Subsections 3.2 and 3.3—in
particular, there are no 3-flimsy connectivity spaces even if one does not require axiom (C4).

Let (X,C) be a connectivity space. We say that a subset Y C X is C-connected when Y € C. Any
subset Y C X is equipped with a canonical structure of connectivity subspace, namely (Y, CNP(Y)).
Axiom (C2) implies that Y can be partitioned into its (well-defined) maximal C-connected subsets,
which we call the C-components of Y. With that terminology, axiom (C3) says that if C' is a C-
component of Y \ {z}, and if Y is C-connected, then Y \ C' is C-connected. For any y € Y, we define
Csy(Y) =U {Z eC ‘ y€ Zand Z C Y}, which is the C-component of Y containing ¥y, and we let

Cyy(Y) :=Y \ C54(Y) be its complement (which is not C-connected in general).

Lemma 3.2. Let (X,C) be a connectivity space, and consider two subsets Z C'Y C X. Any C-
component of Y that is contained in Z is a C-component of Z.

Proof. This follows directly from the definitions (a C-component is a maximal C-connected subset,
and any C-connected subset of Z is in particular a C-connected subset of V). O

Definition 3.3. A connectivity space (X, C) is T when for any distinct z,y € X, we have {x,y} ¢ C.

Definition 3.4. Let n € N. A connectivity space (X,C) is n-flimsy if |X| > n and if, for any
subset S C X, we have (X \ S) € C whenever |S| < n and (X \ S) ¢ C whenever |S| = n.

3.2. Properties of 2-flimsy connectivity spaces

In this subsection, we fix a 2-flimsy connectivity space (X, C). For any subset S C X, the notation S C
always refers to the complement X \ S of S in X.

Proposition 3.5. For any distinct x,y € X, the subset {ZL’,y}C has exactly two C-components.

Proof. Since X is 2-flimsy, by definition, {x, y}E has at least two C-components. Pick two distinct
C-components C] and Cy of X, two arbitrary points u; € C; and ug € Cy (in particular, u; # us),
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and let A := ({z,y} UCL U CQ)C. Our goal is to show that A is empty. We reason by contradiction
by assuming that A is non-empty.

(%) ul

Figure 5: A sketch of the situation of the proof of Proposition 3.5.

We are in fact going to show that the subsets {ul}B \ C and {uz}c \ C; are both C-connected.
This implies the claim by the following argument: since these two sets both contain z, axiom (C2)
implies that their union {u;, UQ}B = ({ul}c \ C2) U ({ug}[J \ C1) is C-connected, contradicting the fact
that X is 2-flimsy. Since the two cases are identical by symmetry, we have reduced to showing that
the set {ul}c \Cy =AU {z,y} U(Ci\ {u1}) is C-connected.

The subset Cy C {ul,x}c is C-connected, so it is contained in a C-component D of {uq, 1:}B =
{ul}E \ {z}. Note that since the space {ul}c is C-connected by definition of 2-flimsy connectivity
spaces, its subset {ul}c \ D is C-connected by axiom (C3).

If y ¢ D, then D C {a:,y}[J is C-connected and contains Cy, so D = C5 by maximality of Cs.
Then, the subset {ul}c \ Cy = {ul}E \ D is C-connected, completing the proof.

Further, we assume that y € D. By axiom (C3), the set D \ Cy is C-connected: indeed, C5 is a
C-component of {z, y}E by definition, and D \ {y} is a subset of {z, y}c which contains Cs, so Cs is
a C-component of D \ {y} by Lemma 3.2.

We now prove that AU{y} is C-connected. The space {ZL‘}B is C-connected and (4 is a C-component
of {z, y}E = {x}c \{y},s0Y := {x}c \ C1 = {y} UCyU A is C-connected by axiom (C3). Moreover,
(5 is a C-component of Y \{y} = CoUA C {«, y}c by Lemma 3.2, so Y\ Cy = AU{y} is C-connected
by axiom (C3). The same arguments show that AU {z} is C-connected.

Therefore, AU {y} is a C-connected subset of {ul,x}B which intersects D at y, so AU{y} € D
by maximality of D. In fact, it holds that A C D\ C because A and Cs are disjoint. Hence, we can
write (DU {z})\ Co = (D \ C2) U (AU {z}). The intersection of the two C-connected sets D \ Co
and AU {z} is non-empty because they both contain A, so their union (DU {x})\ Cs is C-connected

by axiom (C2). Using axiom (C2) again, {ul}ﬂ \ C% is then C-connected as the union of the two

C-connected sets {ul}ﬁ \ D and (DU{x})\ Ca, which both contain . We have proved that {ul}c \ Cs
is C-connected, completing the proof. O

An immediate consequence of Proposition 3.5 is the following fact:

Corollary 3.6. For any three distinct points x,y,z € X, there is a unique C-component of {:L‘,y}c
that does not contain z. In other words, C;Z({aj,y}c) is non-empty and C-connected—we can call it

the C-component of {z, y}C not containing z.

Lemma 3.7. For any distinct z,y € X and any C-component C' of {x,y}s, the sets C' U {x} and
C U{z,y} are C-connected.
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Proof. Let C" := {x, y}E\C’. Proposition 3.5 shows that C” is a C-component of {z, y}C = {y}E \{z}.

Since the space {y}C is C-connected, axiom (C3) implies that {y}c \ C" = C U {x} is C-connected.
The same argument shows that C' U {y} is C-connected. The C-connectedness of C'U {z,y} then
follows using axiom (C2) as C' is non-empty. O

Proposition 3.8. For any C-connected subset A C X, its complement AL is also C-connected.

Proof. We assume that [4| > 2 and |AL| > 2, as the result follows from the definition of 2-flimsy
connectivity spaces and from axiom (C1) otherwise. Fix arbitrary elements a € A and £ € AL we
begin by proving the identity

A= ) Csalea)b). (3.1)
ze AP\ {¢}
Indeed, let B be the right-hand side. We have A C B because, for any = € AL \ {{}, the set A

is a C-connected subset of {ﬁ,w}n containing a, hence is contained in C’ga({g,m}c). Conversely,
an element = € AC either equals £ (which does not lie in B), or belongs to Al \ {¢} and then

x ¢ C;a({f,x}g), so z ¢ B. Thus, AL c B completing the proof of Equation (3.1).
Taking complements, Equation (3.1) implies that

A= U &b uis )
zeAC\{¢}

By Corollary 3.6 and Lemma 3.7, all the summands in this union are C-connected. Since they all
contain ¢, their union A® is C-connected by axiom (C2). O

This yields a characterization of 2-flimsy connectivity spaces:

Corollary 3.9. A connectivity space (X,C) with at least 3 points is 2-flimsy if and only if it is a T
space whose collection of C-connected subsets is closed under complement.

Proof. By Proposition 3.8, in a 2-flimsy space, complements of C-connected subsets are C-connected,
so we can show the equivalence under that hypothesis. We can then take complements in the defini-
tion of flimsy spaces: the space X is 2-flimsy if and only if @ is C-connected (which is automatically
true by axiom (C2)), {x} is C-connected for any = € X (which is automatically true by axiom (C1)),
and {x,y} is not C-connected for any two distinct ,y € X (which is Definition 3.3 of Ty spaces). [

Note also the following corollary:
Corollary 3.10. Let A, B be two C-connected subsets of X. If AUB # X, then ANB is C-connected.

Proof. By Proposition 3.8, both AL and BY are C-connected. Moreover, their intersection is non-
empty, so their union A U BY is C-connected by axiom (C2). Using Proposition 3.8 again, we find
that AN B is C-connected. O

Finally, we prove two lemmas that will be key to the proof of the forthcoming Theorem 3.13:

Lemma 3.11. Let x,y be distinct points of X, and let C be a C-connected subset of {m,y}c such
that C U {x,y} is C-connected. Then, C is a C-component of {x, y}E.

Proof. Since CU{z,y} is C-connected, so is its complement C’ by Proposition 3.8. We have CLUC" =
{:U,y}c, where C and C’ are disjoint and are both C-connected, so C' and C’ are exactly the two
C-components of {z, y}C (cf. Proposition 3.5). O

Lemma 3.12. Let a,b, c be three distinct points of X. We have the identity
Cae(fa,b)") N Csp(fa, ") = Cralfb,e)°).
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Figure 6: An illustration of Lemma 3.12. The red region (including the striped region) is C5.({a, b}c),
the blue region (including the striped region) is C5p({a, c}c), and their intersection (the striped
region) is indeed Cyq({b, C}C).

Proof. Taking complements (and ignoring the points b and ¢ which do not belong to either side), the
claim reduces to showing:

Ce({a,0}%) U Cp({a, }*) U {a} = Ca({b, c}").

By Corollary 3.6 and Lemma 3.7, both Cy := C’;c({a,b}c) U {a} and Cy := C;b({a,c}ﬂ) U {a}
are C-connected, and since they both contain a, their union C; U Cy (contained in {b, c}c) is C-
connected by axiom (C2). Similarly, Lemma 3.7 implies that C] := Cy.({a, b}D) U{a,b} and C} :=
Cx({a, C}C) U {a, ¢} are C-connected, so C1 UCh = (C1 U Cy) U{b,c} is C-connected by axiom (C2).
By Lemma 3.11, C; U Cy is then a C-component of {b, c}c, and since it contains a this concludes the
proof. O

3.3. There are no 3-flimsy connectivity spaces
We now prove Theorem 1.3 for general connectivity spaces:
Theorem 3.13. For any n > 3, there are no n-flimsy connectivity spaces.

Proof. Since removing any point from an n-flimsy space (for n > 3) yields an (n — 1)-flimsy space,
it suffices to prove the claim for n = 3.
Let (X,C) be a 3-flimsy connectivity space, and let x,y,t, s be four distinct points of X. Let

D := C55({x, y, t}c) NCst({x,y, S}E). Applying Lemma 3.12 in the two 2-flimsy spaces {LU}D and {y}c
shows respectively that D = Cy,({z,1, S}E) and D = Cy,({y, 1, S}E). We have shown that D is a C-
component of {z, t, S}B = {t}c\{x, s}, so DU{z} is C-connected by Lemma 3.7 applied in the 2-flimsy
space {t}c. But this contradicts the maximality of D among the C-connected subsets of {y, t, S}E. O

3.4. C-connected subsets of 2-flimsy connectivity spaces

In this section, we characterize all the C-connected subsets of an arbitrary 2-flimsy connectivity
space (X, C) in terms of the C-components of the complements of pairs of distinct points of X.

Proposition 3.14. Let (X,C) be a 2-flimsy connectivity space, and let C € C. If |C| > 2 and
|Ct| > 2, then there eist distinct x,y € X such that C N {x,y}c is a C-component of {x, y}E.

Proof. If there are two distinct z,y € CC such that CU{z, y} is C-connected, then the set CN{z, y}c =
C is a C-component of {w,y}B by Lemma 3.11. Similarly, if there are two distinct x,y € C such

that Ct U {z,y} is C-connected, then CC is a C-component of {x,y}c, and then so is C'N ac,y}[3
by Corollary 3.6. Thus, we can assume in the following that there is at most one 2’ € C* such
that CU{a’} is C-connected, and at most one i € C such that CCU{y'} is C-connected. Since |C| > 2
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and |C| > 2, we can then pick elements u € C and v € CC such that C' U {v} and CC U {u} are not
C-connected. We denote by D, and D, the two C-components of {u, v}c.

The set D, U {u} is C-connected by Lemma 3.7. Moreover, neither C' nor D, U {u} contains v,
so Corollary 3.10 implies that A := CN (D, U{u}) = (CND;)U{u} is C-connected. Symmetrically,
we get that B := CC N (D, U {v}) = (C* N D,) U {v} is C-connected. Furthermore, observe that
AUB = D, U{u,v} is C-connected by Lemma 3.7.

Now, we apply axiom (C4) to A and B. In the conclusion of the axiom, case (ii) is impossible:
for any C-connected subset S C D, U{u,v}, neither A nor B nor S meets D, (which is non-empty as
a C-component of {u, v}c), so SN A and SN B are C-connected by Corollary 3.10. We are therefore
in case (i): there exists an element 2 € D, U {u,v} such that (CND,)U{u,z} and (C*ND,)U{v,z}
are C-connected. By symmetry, there also exists y € D, U {u,v} such that (C'N Dy) U {u,y} and
(ct NDy)U{v,y} are C-connected. Taking the respective unions, it follows from axiom (C2) that the
sets (C'N{u, ’U}C) U{u,z,y} = CU{z,y} and (Ct N {u, U}B) U{v, z,y} = CC U {xz,y} are C-connected.

We now show that z # y. Indeed, if x = y, then z would belong to both D, U {u,v} and
Dy U {u,v}, so it would have to be equal to either u or v. One of the sets C'U{v} or Ct U {u} would
then be C-connected, contradicting the choice of u and v.

Taking the complements of C' U {z,y} and ctu {z,y} and using Proposition 3.8, we get that
Cn{xz, y}B and CP{z, y}c are C-connected. Since they are two disjoint C-connected subsets of {z, y}c
that cover it, they are the two C-components of {z, y}E (cf. Proposition 3.5). O

Corollary 3.15. Let (X,C) be a connectivity space. If (X,C) is 2-flimsy then the elements of C
are exactly the following subsets of X: @, X, singletons and their complements, and subsets of the
form C, CU{x} or CU{z,y} for some distinct points x,y € X and some C-component C' of {x, y}c.

Proof. By axioms (C1) and (C2), singletons and & are C-connected. By definition of 2-flimsy
spaces (Definition 3.4), X and complements of singletons are C-connected. For any distinct =,y €
X and any C-component C of {x,y}c, the sets C, C U {z} and C U {z,y} are C-connected by
definition of C-components and by Lemma 3.7. Conversely, if D is a C-connected subset, we deduce
from Proposition 3.14 that either |D| < 1, or ‘DB) < 1, or there exist distinct z,y € X and a

C-component C of {a:,y}c such that C C D C C U {z,y}. O]

Remark 3.16. Proposition 3.14 and Corollary 3.15 need not hold when (X,C) does not satisfy ax-
iom (C4). Indeed, consider the following counterexample (due to Fabian Gundlach): X = Q/Z,
and C consists of intersections of connected subsets of R/Z (for the usual topology) with Q/Z. Then,
(X,C) satisfies axioms (C1), (C2), and (C3), and (1,+/2) NQ/Z is a C-connected subset of X, but
it is not of the desired form as v/2 ¢ Q/Z.

A useful consequence of Corollary 3.15 is that distinct 2-flimsy connectivities are incomparable:
Corollary 3.17. Let X be a set, and let C1,Cy be two connectivities on X such that (X,Cy)
and (X,Cs) are 2-flimsy. If Cy C Ca, then C1 = Cs.

Proof. Thanks to Corollary 3.15, it suffices to prove that for any distinct z,y € X, the C;-components
of {m,y}c coincide with the Co-components of {x, y}[:. By Proposition 3.5, {:L‘,y}c has exactly two
Ci-components. These two subsets partition {m,y}c and are Ca-connected (as C; C Cz). Again by
Proposition 3.5, it follows that these two subsets are in fact the two Co-components of {z, y}c. Ul

3.5. The separation relation associated to a 2-flimsy connectivity space

Let (X,C) be a 2-flimsy connectivity space. In order to relate X to order-theoretic structures,
we must construct such a structure using only the C-connected subsets of X. To this end, we
equip X with a relation L¢ (which will be shown to be a dense order-complete separation relation
in Proposition 3.21) in the following way:
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Definition 3.18. If {a,b} and {c¢,d} are chords of X, with a,b, ¢, d four distinct points, we say that
{a,b} Lc{c,d} if c and d are in distinct C-components of X \ {a, b}.

By definition of L¢, for any three distinct points x,y,z € X, the open interval Iy, (x,y) =

{w € {m,y,z}c ’ {x,y}J_c{w,z}} of (X, L¢) is exactly the C-component of {x,y}E that does not
contain z (well-defined by Corollary 3.6).

Lemma 3.19. Let a,b, c,d be four distinct points of X. The following implications hold:
(i) if {a,c} Le{b,d}, then {a,b} Le {e.d};
(i) if {a,b} Le {c,d} and {a,d} Lc {b,c}, then {b,d}Lc{a,c};

(7ii) if {a,c}Lc{b,d}, then {b,d}Lc{a,c}.

Proof. We show each point separately.

(i) Let C := C54({a, c}C). The set CU{c} is C-connected by Lemma 3.7, contains both ¢ and d, and
is contained in {a, b}C, so ¢ and d are in the same C-component of {a, b}c, ie., {a,b} LcA{c, d}.

(ii) That {a,b} Lc¢ {c,d} means that ¢ € C54({a, b}c). Likewise, {a,d} L¢ {b,c} means that
c € Cp({a, d}C), and so the intersection C = C54({a, b}c) N Csp({a, d}c) contains c. But
Lemma 3.12 asserts that C' = Cy,({b, d}c)7 so ¢ € C' means that {b,d} Lc{a,c}.

(iii) Use (i) twice, then use (ii). O

Lemma 3.20. Let v,w,z,y,z € X be such that v,w,x are distinct and such that v,y, z are distinct.

If Cso({w,2}%) € Csu({y, 235 U {y, 2}, then y ¢ Cou({w, 2}5).

Informally, Lemma 3.20 means that if an interval A “without ends” is contained in an interval B
“with ends”, then the ends of B cannot belong to A, i.e., A is contained in B minus its ends. This
fact will be used in Proposition 3.21 to prove that L. is an order-complete separation relation.

Proof. We dualize the claim by taking complements: we have Cy,({, z}B) C Cy({w, :U}C) U{w,x},
and we must show that y € Cy,({w, x}E) U {w,z}. We reason by contradiction by assuming the
contrary, which amounts to assuming that Cy,({w, :U}E) U{w} C {x, y}B.

The two sets Cy, ({v, z}B) U{y} and Cy,({w, :L‘}E) U{w, x} are C-connected by Corollary 3.6 and
Lemma 3.7, and Cy,({y, z}E) C Cyp({w, a;}C) U{w, z} by hypothesis, so their union is C, ({w, a:}c) U
{w, z,y}, and it is C-connected by axiom (C2). By Corollary 3.6 and Lemma 3.7, C, ({w, x}B)U{w}
is C-connected too. Since this is a subset of {x,y}c by assumption, it follows from Lemma 3.11
that Cy, ({w, :U}C) U{w} is a C-component of {z, y}c. Then, Lemma 3.7 implies that C, ({w, :E}B) U
{w,y} is C-connected. Applying Lemma 3.11 again, we see that C;v({w,m}g) is a C-component
of {w,y}ﬂ, S0 C’%v({w,x}ﬁ) U {y} is C-connected by Lemma 3.7. This contradicts the maximality
of Cy,({w, ZL'}C) among the C-connected subsets of {w, ZL‘}C. O

Proposition 3.21. The relation L¢ is a dense order-complete separation relation on X.

Proof. We first check the axioms of Definition 2.10: axiom (S2) is clear from the definition of L,
axiom (S1) follows directly from Lemma 3.19 (iii), and axiom (S3) follows from points (i) and (ii) of
Lemma 3.19. For axiom (S4), consider five distinct points a, b, ¢, d, e of X, and recall from Proposi-
tion 3.5 that X \ {a, b} has exactly two C-components: either ¢, d, e all lie in the same component, or
two of them lie in the same component and the third one does not, which gives the two cases. That
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the separation relation L¢ is dense follows again from Proposition 3.5: given {a,b} € Chords(X), the
set {a, b}c has two C-components, so we can pick ¢ in one and d in the other, and then {a, b} Lc{c, d}.

Now, consider a non-empty chain {U;} of open intervals of (X, L¢) contained in an open interval I.
Then, U := |JU; is C-connected by axiom (C2), and is contained in I (so |Ut| > [I¥| > 2). If U is
not an open interval, then |U| > |U;| + 1 > 2, and by Proposition 3.14 there must be distinct points
x,y,%2 € X such that U is either of the form C;Z({x,y}c) U{z} or C’gz({az,y}c) U{z,y}. But then,
by Lemma 3.20, none of the open intervals U; C U contain z, contradicting x € U. O

4. FLIMSY TOPOLOGICAL SPACES

In this section, we focus on flimsy topological spaces, i.e., we specialize the results about flimsy
connectivity spaces (from Section 3) to the case where C is the set of connected subsets of a topological
space. The main result of this section is Theorem 1.4 from the introduction.

Throughout the section, we always adopt the convention that @ is connected.

Proposition 4.1. Let X be a topological space, and let C be the set of connected subsets of X. Then,
(X,C) is a connectivity space. Moreover:

o X is a Ty topological space <= (X,C) is a T1 connectivity space (cf. Definition 3.3).
o Foranyn € N, X is an n-flimsy topological space <= (X,C) is an n-flimsy connectivity space.

Proof. Axiom (C1) clearly holds. For axiom (C2), see [Wil70, Theorem 26.7a]. Axiom (C3) follows
directly from [Kur72, Chapter XVI.3, Theorem 4].

We now check axiom (C4)—in fact, we show that the case (i) always holds. Let A and B be
non-empty connected subsets of X, and let A and B be their respective closures in AU B. These two
sets are closed in AU B and cover AU B, so ANB # @ as AU B is connected. Let z € AN B. We
have A C AU{z} C Aand B C BU{z} C B. Since A and B are connected, it follows from [Wil70,
Theorem 26.8] that AU {z} and B U {z} are connected.

The equivalences of the notions of T spaces and of the notions of n-flimsy spaces follow easily
from the definitions. O

Proposition 4.1 implies that the results of Section 3 apply to flimsy topological spaces. In par-
ticular, by Theorem 3.13, there are no n-flimsy topological spaces when n > 3.

In what follows, we fix a 2-flimsy topological space (X, 7). Let (X,C) be the corresponding
2-flimsy connectivity space (Proposition 4.1), let L = L¢ be the corresponding order-complete
dense separation relation on X (Definition 3.18, Proposition 3.21), and let 7 be the order topology
of (X, 1) (Definition 2.13).

We prove that 7 is finer than 7k, i.e., that the open intervals of (X, L) are open subsets of X:

Lemma 4.2. Let x,y € X be distinct. If C is a connected component of {:E,y}[:, then C' is open
in X, CU{x,y} is closed and not open in X, and C U {zx} is neither open nor closed in X.

Proof. By Proposition 3.5, the sets C' and D := {x,y}c \ C are the two connected components
of {z, y}c, hence they are both closed in {z, y}E, so C'is open and closed in {z, y}E. Since X is Ty by

Corollary 3.9 and Proposition 4.1, the subset {x, y} is closed in X, so {z, y}E is open in X. Therefore,
C is open in X, and so is D by symmetry. Hence, C U {z,y} = X \ D is closed, and as a proper
subset of the connected space X, it cannot also be simultaneously open. Finally, C' U {z} cannot be

closed because otherwise C' would be a non-empty open and closed proper subset of the space {a:}B,
which is connected as X is 2-flimsy. Similarly, if C'U {z} were open, then C'U {z} would be open

and closed in the connected space {y}C O

We prove the following result, which was already obtained in [PC13, Theorem 15]:
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Proposition 4.3. The 2-flimsy space X is Hausdorff.

Proof. Let x,y be two distinct points of X. By density of L, pick {a,b} such that {z,y}L{a,b}.
By symmetry of L, we have {a,b}L{x,y}, so ng({a,b}c) and Cay({a,b}ﬂ) are two disjoint open
subsets of X (by Lemma 4.2) containing respectively z and y. O

We can now show Theorem 1.4 from the introduction:

Proof of Theorem 1.4. First, the space (X,7) is Hausdorff by Proposition 4.3 (or [PC13, Theo-
rem 15]). Second, recall from Theorem 2.18 that (X, 7k) is a big circle, so it is compact and 2-flimsy
by Proposition 2.7. Third, observe from Definitions 2.12 and 3.18 that for any distinct x,y € X, the
open intervals of (X, L) between x and y are exactly the C-components of {z, y}E, so the topology Tk
is indeed generated by the connected components (with respect to the topology 7) of the subsets
{z, y}C for distinct z,y € X. Combined with Lemma 4.2, this shows that 7k is coarser than 7.

Let Ck be the set of connected subsets of (X, 7k). Since 7x C 7, the identity of X is a continuous
map from (X,7) to (X,7k), which implies that C C Ck, and so C = Ck by Corollary 3.17. In
other words, (X, 7) and (X, 7x) have the same connected subsets. It follows that, for any distinct
x,y € X, the connected components of {x, y}c are the same for the two topologies 7 and 7x. Then,
recalling that a 2-flimsy topological space is always T and connected on the one hand, and combining
Corollary 3.15 with Lemma 4.2 on the other hand, we get that (X,7) and (X, 7x) have the same
open connected subsets.

To show uniqueness, let 7/ be a topology on X coarser than 7 such that (X,7’) is a compact
2-flimsy space. Since 7" C 7, any connected subset of (X, 7) is connected in (X, 7’). Then, by Corol-
lary 3.17, (X, 7) and (X, 7") have in fact the same connected subsets. Hence, for any distinct x,y € X,
the connected components of {a:,y}c are the same for the two topologies 7 and 7/. Applying the
conclusions of the first paragraph of the proof to the space (X, 7’), we obtain 7x C 7. Since (X, 7")
is compact, and since (X, 7¢) is Hausdorff by Proposition 4.3, Lemma 2.17 ensures that 7/ = 7. [

Example 4.4. We now give an example of a non-compact 2-flimsy topological space. We define a
function 7: (0,2] — R? as follows: for any s € (0, 2], we let

B (s,sin%’r,O) if s € (0,1],
’Y(S) - {(2 — 5,0, (S _ 1)(2 — 3)) if s € (172]-

Figure 7: An illustration of Example 4.4.

The map ~ is continuous and injective on (0,2]. Let X be the image of ~, equipped with the
subspace topology 7 inherited from the Euclidean topology of R3. In particular, the space X is
Hausdorff. However, X is not compact since it is not closed in R? (its closure contains the segment
{0} x [=1,1] x {0}). We leave it to the reader to check that X is 2-flimsy.

Theorem 1.4 states that there is a unique topology 7k on X coarser than 7 such that (X, 7k)
is compact and 2-flimsy. In fact, here, (X, 1K) is homeomorphic to the standard circle S! = R/Z.
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Indeed, the functions s € (0,2] — y(s) € X and ¢: s € (0,2] — § € S! are bijections, so the set
TK = {7 o~ H(U) ‘ U open in Sl} is a topology on X such that (X,7k) is homeomorphic to S,
and it is easy to check that 7¢ C 7.

5. BIG-PATH-FLIMSY TOPOLOGICAL SPACES

In this section, we study big-path-flimsy topological spaces (Definition 1.2), which correspond to the
notion of big-path-connectedness defined in Definition 2.2.

Proposition 5.1. Let X be a topological space, and let C be the set of all big-path-connected subsets
of X, including &. Then, (X,C) is a connectivity space. Moreover:

o X is a Ty topological space <= (X,C) is a Ty connectivity space.

o For anyn € N, X is an n-big-path-flimsy topological space <= (X,C) is an n-flimsy connec-
tivity space.

Proof. Axiom (C1) clearly holds. We verify axioms (C2), (C3), and (C4):

(C2) Let z e NC, and let y,z € YC. Pick Y, Z € C such that y € Y and z € Z. By hypothesis,
there are big paths from y to x in Y, and from z to z in Z. Concatenating these big paths
yields a big path from ¥y to z in |JC.

(C3) It suffices to show that = can be connected by a big path in Y\ Z to any element y € C, where C
is any big-path-connected component of Y\ {z} besides Z (in particular, z # y). Since Y is big-

path-connected, there is a big path v: L — Y from z to y. Let to := sup {t €L ‘ v(t) € m},

so that y(tg) € {x} but y(t*) ¢ {z} for all t* > to. For any t* € (tp, max L), we have (t*) € C,
since the restricted big path 7|[t*,max ) avoids x and C is a big-path-connected component
of Y\ {z}. If y(to) = z, then the restricted big path v|(, max ] defines a big path from x to y
contained in C' U {x} C Y \ Z, and we are done. Otherwise, if 7(to) # z, then Y| max 1) is 2
big path from 7(tp) to y, which is contained in C as it avoids z. It then suffices to construct a
big path from z to ¥(tp) contained in CU{z}. But as y(to) € {x}, we can simply take

(C4) The proof of axiom (C4) is postponed to Appendix A.

The equivalence of the notions of T spaces and the equivalence between X being n-big-path-flimsy
and (X,C) being n-flimsy follow easily from the definitions. O]

Proposition 5.1 implies that the results of Section 3 apply to big-path-flimsy topological spaces.
In particular, by Theorem 3.13, there are no n-big-path-flimsy topological spaces when n > 3.

Proposition 5.2. If X is a 2-big-path-flimsy space, then there exist a big interval L and a continuous
surjection p: L — X. In particular, X is compact as the continuous image of a compact space.

Proof. Let z,y € X be distinct. Propositions 3.5 and 5.1 ensure that {z, y}C has exactly two big-path-
connected components, which we denote by C7 and Cy. We know from Lemma 3.7 that Cy U {x, y}
and Cy U {x,y} are big-path-connected. Hence, there exist big paths 71: L1 — Cy U {z,y} and
vo: Lo — Cy U {x,y} such that 1 (min L;) = v2(max Ly) = x and 3 (max L1) = y2(min Ly) = y.
Then, define a big path v from x to x on X by concatenating v; and 2. We want to show that ~
is surjective, i.e., that v1(L1)U72(L2) = X. As they are continuous images of the big-path-connected
spaces L1 and Lo, the subsets v1(L1) and v2(Lsg) are both big-path-connected. By Propositions 3.8
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and 5.1, 71(L1)E and 2 (Lg)C are also big-path-connected. Next, observe that v1(L1)Nvy2(L2) = {z,y}
because C and Cy are disjoint. Since X is 2-big-path-flimsy, {z, y}c = (Ll)C U 'yg(Lg)C is not big-
path-connected, so the sets 1 (Ll)E and o (Lg)[3 are disjoint, which means that 1 (L1) U72(L2) = X.
The last part of the claim follows directly from Proposition 2.3 (iv). O

We are now going to prove Theorem 1.5 from the introduction, after setting some notation.
Let (X, 7) be a 2-big-path-flimsy topological space, let (X,C) be the corresponding 2-flimsy connec-
tivity space (Proposition 5.1), and let L. = 1 ¢ be the corresponding order-complete dense separation
relation on X (Definition 3.18, Proposition 3.21). We also define some other topologies on X: the
topology 7y is the order topology of (X, L) (Definition 2.13), and 7r is the final topology on X
induced by the family of all big paths on (X, 7), i.e.,

TF = {V cX ‘ 7~ Y(V) is open for all big paths v: L — (X, 7')} . (5.1)

Proof of Theorem 1.5. We have already shown that the space (X, 7) is compact in Proposition 5.2.
We also know from Theorem 2.18 that (X, 7y1) is a big circle, so it is Hausdorff and 2-big-path-flimsy
by Proposition 2.7. Next, using Definitions 2.12 and 3.18, we see that, for any distinct x,y € X, the
open intervals of (X, L) between z and y are exactly the C-components of {z, y}B. Thus,

T is generated by the big-path-connected components of the subsets {z, y}B,

5.2
as x and y range over pairs of distinct points of X. (5:2)

In order to prove that 7y is finer than 7 and that the topological spaces (X, 7) and (X, 7y1) have
the same big paths, we only need to show that 71 coincides with the topology 7 from Equation (5.1).
Indeed, first, it is clear that 7 C 7r as big paths are continuous, so any big path on (X, 7r) is also
continuous with respect to 7. Conversely, for any big path v on (X, 7) and any U € 77, the set y~1(U)
is open in L by definition of 77, so v is also continuous with respect to 7.

In order to prove that 7y = 77, we want to apply Lemma 2.17. We have already proved
that (X, 1) is Hausdorff. Since (X, 7) and (X, 7r) have the same big paths, their big-path-connected
subsets coincide, so (X, 7r) is 2-big-path-flimsy and thus compact by Proposition 5.2. It only re-
mains to show that 7y C 77. Equivalently, we must prove that, for any distinct z,y € X, if C is a
big-path-connected component of {x, y}E, then C € 7r. Fix such a C and a big path v: L — (X, 1),
and consider a t € v~ 1(C). We have {x,y}c € 7, since (X, 1) is T1 by Corollary 3.9 and Proposi-
tion 5.1, and v(t) € C C {z, y}c, so by continuity of v and by definition of the order topology, there
is an open interval I of L such that ¢ € I and v(I) C {x,y}c. Corollary 2.4 implies that ~(I) is
big-path-connected, so it is contained in the big-path-connected component C' of () in {z, y}c, so I
is an open neighborhood of the (arbitrary) point ¢t € y~1(C), and it is contained in y~1(C). This
shows that v~1(C) is open in L and thus C € 7 as desired.

By Lemma 2.17, we have 7y = 77. In particular,

T C TH, (5.3)

and the big paths on (X, 7) and (X, ) coincide, so (X, 7) and (X, 7y) have the same big-path-
connected subsets.

To prove the uniqueness of 7y, let 7/ be a topology on X finer than 7 such that (X,7') is a
Hausdorff 2-big-path-flimsy space. Since 7 C 7/, any big path on (X, 7’) is a big path on (X, 1), and
so any big-path-connected subset of (X, 7') is also big-path-connected in (X, 7). By Corollary 3.17,
(X, 7) and (X, 7") must then in fact have the same big-path-connected subsets. Thus, for any distinct
x,y € X, the big-path-connected components of {z, y}c are the same for the two topologies 7 and 7’.
Applying (5.2) and (5.3) to (X, 7’) entails that 7/ C 7y1. Since (X, 7’) is Hausdorff and since (X, 7y1)
is compact by Proposition 5.2, Lemma 2.17 implies that 7/ = 7. O
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Example 5.3. We now give an example of a non-Hausdorff 2-big-path-flimsy topological space.
Let S' := R/Z be the standard circle, and let £ be its usual Euclidean topology. Then,

T = {U eé ‘ S\ U is at most countable} u{o}

is a topology on S! that is coarser than £. Any two non-empty elements of 7 have co-countable
intersection, so (S!,7) is not Hausdorff. Below, we prove that a big path v: L — S! is continuous
with respect to 7 if and only if it is continuous with respect to £. Thus, the space (S!,7) is 2-big-
path-flimsy because (S, €) is (for example by Proposition 2.7). In this case, the unique Hausdorff
topology 7 finer than 7 such that (S!,7y) is Hausdorff and 2-big-path-flimsy, whose existence is
ensured by Theorem 1.5, will hence simply the standard FEuclidean topology &.

Consider a big interval L and a map ~: L — S'. If v is continuous with respect to £, then it
is continuous with respect to 7 since 7 C £. Conversely, suppose that « is continuous with respect
to 7 and, by contradiction, assume that there exist U € £ and ¢ € y~}(U) such that ¢ is not in the
interior of v~1(U). Reversing the order of L if needed, we can assume that ¢ is in the closure of
[min L, )Ny~ (S'\U). For any s € [min L, £), it follows that v([s, ¢]) \U is non-empty—denote by Fj
the closure of v([s,£]) \ U in (S!,&). Observe that for all s < s’ < £, we have & # Fy C F; C S'\ U.
By compactness of (S!,£), there exists € ,., Fs. Note that = ¢ U, so x # v(¢).

Let s € [min L, ). Since x € F; belongs to the closure of y([s, £]), and since (S}, £) is a sequential
space, we can find a sequence of points ts,, € [s, (], indexed by integers n € N, such that v(ts,) — «
with respect to £. Since [s, ] is sequentially compact,® replacing (¢s,,) by a subsequence if needed,
we can assume that t,, — t, for some t; € [s, ¢].

We are going to show that y(ts) = = for all s < ¢. This will yield the desired contradiction, as
the closed subsets [s,¢]Ny~!({z}) are then non-empty for all s < £ (they contain the respective ),
so their intersection in the (compact) big interval L is also non-empty, meaning that v(¢) = =z,
contradicting ¢ € y~1(U).

Let M := {n eN ‘ Y(tsn) = y(ts)}. If M is infinite, replacing (ts,) by a subsequence if needed,
we can assume that v(ts,) = v(ts) for all n € N; then, the fact that v(¢s,) — = with respect
to € implies (because (S!, &) is Hausdorff) that «(ts,) = = for all n large enough, and in particular
v(ts) = . We now assume that M is finite. Replacing (¢s,) by a subsequence if needed, we can
assume that v(ts,) # v(ts) for all n € N. Since (S', ) is Hausdorff and v(¢s,) — =, the set

V.= {’y(t&n) ‘ n e N} U{z}

is closed for &£, and hence closed for 7 as it is at most countable. Since ~y is continuous with respect
to 7 and ts, — ts, we must have v(t;) € V because y(ts,) € V for all n € N. Since y(ts) # v(ts)
for all n € N, this can only mean that v(ts;) = x. As explained above, this concludes the proof.

6. PATH-FLIMSY TOPOLOGICAL SPACES

In this section, we study path-flimsy topological spaces (Definition 1.2), which correspond to the
following standard notion of path-connectedness (we consider & to be path-connected):

Definition 6.1. Let X be a topological space. For any points z,y € X, a path from x to y is a
continuous map f: [0,1] — X such that f(0) = z and f(1) = y. The space X is path-connected if
for any two points x,y € X, there is a path from z to y.

Most of the arguments of this section are straightforwardly adapted from those of Section 5 by
replacing “big paths” and “big-path-connectedness” with “paths” and “path-connectedness”, respec-
tively. For the sake of brevity, we omit the details of such adaptations and rather focus on the few
points that require new proofs.

5 Any big interval is sequentially compact: as in the real numbers (with the same proof), any sequence either has a
non-decreasing subsequence (converging to its supremum) or a decreasing subsequence (converging to its infimum).
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Proposition 6.2. Let X be a topological space, and let C be the set of all path-connected subsets
of X, including &. Then, (X,C) is a connectivity space. Moreover:

o X is a Ty topological space <= (X,C) is a Ty connectivity space.

o For anyn € N, X is an n-path-flimsy topological space <= (X,C) is an n-flimsy connectivity
space.

Proof. The proofs of axioms (C1), (C2), and (C3) are as in Proposition 5.1, replacing all big
intervals involved by [0, 1], remarking that the concatenation of two paths is a path (the concatenation
of [0, 1] with itself is order-isomorphic to [0, 1]), and that the restriction of a path to any segment is
also a path (if 0 < s <t < 1, then the subinterval [s, ¢] is order isomorphic to [0, 1]). The details are
left to the reader.

The equivalence of the notions of T spaces and the equivalence between X being n-path-flimsy
and (X,C) being n-flimsy follow easily from the definitions.

We now focus on the proof of axiom (C4). Pick non-empty sets A, B € C such that AUB € C. We
assume that A and B are disjoint, as the claim is clear otherwise (case (i) holds for any x € AN B).
Pick arbitrary points a € A and b € B, let 4 be a path from a to b in AU B, and let

$4 = sup {t € [0,1] ’ A(t) € A} and x:=7(s4).

If x € A, then 7], 1) is (after reparametrization) a path from J(s4) = 2 to 3(1) = b in BU {z}, so
BuU{x} is path-connected, and then case (i) holds as A = AU{x} is also path-connected. Therefore,
for the rest of the proof, we assume that € B. In particular, B U {x} = B is path-connected, so if
we show that AU {z} is also path-connected, then case (i) holds, concluding the proof.

Without loss of generality, replacing b by = and «y by the (reparametrized) restricted path 'Ay][o, sal>
we may assume that s4 = 1, which implies that there is a strictly increasing sequence (sy)n>0 of
elements of y71(A4) C [0,1) with so = 0 and s, —> 1. For each n > 0, let S, = v([sn, Sn+1]), which
is a path-connected subset of AU B. If S, N A is not path-connected for some n > 0, then we are in
case (ii), finishing the proof. Hence, we further assume that S, N A is path-connected for all n > 0, so
there are continuous maps vy, : [$n, Sn+1] — Sn N A such that v, (s,) = Y(s,) and Y, (Sn+1) = Y(Sn+1)-
Now, define a map v*: [0,1] - AU {x} by setting

. Yo(t) ift € |[sn, Spa1) with n > 0,
7(t)::{ (1) A€ [sn 500
x ift =1,

for any t € [0, 1]. By construction, the map v* is continuous on [0, 1). We have reduced to showing
that v* is continuous at 1, as this implies that v* is a path from a to z in AU{z}, and then AU {z}
is path-connected. So, let U be an open subset of AU B containing v*(1) = = y(1). By continuity
of 7, there exists N > 0 such that v([sy,1]) € U. We have

’Y*([sNa 1]) = {x} U U 'Yn([smsn—&-l)) - {‘T} U U Sp = {m} U U 7([3717871-&-1]) = 7([31\/7 1]) cU,

n>N n>N n>N
which implies that v* is continuous at 1. As explained above, this concludes the proof. O

Proposition 6.2 implies that the results of Section 3 apply to path-flimsy topological spaces. In
particular, by Theorem 3.13, there are no n-big-path-flimsy topological spaces when n > 3.

Theorem 6.3. If X is a 2-path-flimsy space, then there exists a continuous surjection ¢: S' — X.
In particular, X is compact. Furthermore, if X is also Hausdorff, then it is homeomorphic to S'.
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Proof. Here, we view S! as the quotient topological space of [0, 1] obtained by identifying the points 0
and 1. Denote by ¢: [0,1] = S! the associated quotient map.

Let x,y € X be distinct. Propositions 3.5 and 6.2 ensure that {x,y}c has exactly two path-
connected components, which we denote by Cy and Cy. We know from Lemma 3.7 that C; U {z, y}
and CyU{x,y} are path-connected, so there exist paths v1: [0,1] — C1U{x,y} and v2: [0,1] = CoU
{z,y} such that v1(0) = 72(1) = 2 and v1(1) = 72(0) = y. Then, define another path ~: [0,1] — X
by setting for all ¢ € [0, 1],

(2 ift<1/2,
C \e2t—1) ift>1/2.

Note that v(0) = v(1) = 2. Thus, there is a continuous map ¢: S! — X such that v = p o0 ¢, and its
image is ¢(S') = ~([0,1]) = 71([0,1]) U~2(]0,1]). Following the same arguments as in the proof of
Proposition 5.2 (replacing Proposition 5.1 with Proposition 6.2), we show that 71 ([0, 1]) U~2([0,1]) =
X, s0 ¢ is a continuous surjection S' —» X. That X = (S') is compact then follows from the fact
that S! is compact.

Now, assume that X is Hausdorff. The sets C; U {z,y} and Co U {z,y} are then Hausdorff and
path-connected, so they are arcwise connected by [Wil70, Theorem 31.6] (see also [Bor92, Bra24]),
meaning that any two distinct points are connected via an injective path. Thus, we can assume
without loss of generality that v; and o are injective, and we want to show that ¢ is injective.
Assume that there are 0 < s < ¢t < 1 such that v(s) = 7(¢). Since 1 and 72 are injective, we must
have s < 1/2 < t. Thus, v(s) # v(1/2) = y and v(s) € (Cy U{z,y}) N (Ca U {x,y}) = {z,y},
so y(s) = v(t) = x. By injectivity of 71 and 2, we have s = 0 and ¢t = 1, and thus ¢(s) = ¢(t).
This proves that ¢ is injective. Hence, ¢ is a continuous bijection from the compact space S! to the
Hausdorff space X, so ¢ is a homeomorphism by [Wil70, Theorem 17.14]. O]

Finally, we prove Theorem 1.6 from the introduction. Let (X, 7) be a 2-path-flimsy topological
space, let (X,C) be the corresponding 2-flimsy connectivity space (cf. Proposition 6.2), let L = L¢
be the corresponding order-complete dense separation relation on X (cf. Definition 3.18, Proposi-
tion 3.21), let 73 be the order topology of (X, 1), and let 7+ be the final topology on X induced by
the paths on (X, 7), i.e.,

TF = {V cX ‘ 7~1(V) is open for all paths : [0,1] — (X,T)} :

Proof of Theorem 1.6. The compactness of (X, 7) is ensured by Theorem 6.3. Next, recall from
Theorem 2.18 that (X, 7y) is a big circle, so it is in particular Hausdorff by Proposition 2.7. The
same observations as in the proof of Theorem 1.5 (in Section 5) show that 7y is generated by the

path-connected components of the subsets {x,y}c as (z,y) ranges over all pairs of distinct points
of X.

In contrast to the proof of Theorem 1.5, here we prove that (X, 7) and (X, 7i) have the same
paths before showing that (X, 7) is 2-path-flimsy. Nevertheless, we still adopt the same strategy,
namely, showing that 7y = 7. Indeed, the same arguments as in the proof of Theorem 1.5 yield that
the paths on (X, 7) and (X, 7£) coincide. In particular, (X, 7x) is 2-path-flimsy and thus compact by
Theorem 6.3. Moreover, replacing Proposition 5.1 with Proposition 6.2 in the proof of Theorem 1.5,
we get that 7y C 7. Since we have already shown that (X, 7y) is Hausdorff and that (X, 7r) is
compact, Lemma 2.17 implies that 7y = 7. Therefore, (X, 7) and (X, 731) have the same paths and
thus the same path-connected subsets. This implies that (X, 7y1) is 2-path-flimsy.

For the two remaining points, namely the inclusion 7 C 77 = 751 and the uniqueness of 7y, the
proofs are just as in the proof of Theorem 1.5 (using Theorem 6.3 instead of Proposition 5.2). OJ

Example 6.4. In Example 5.3, we have described a non-Hausdorff topological space (X, 7) that
has the same big paths as the standard circle. In particular, they have the same paths, so (X, 7) is
also a non-Hausdorff 2-path-flimsy space. Moreover, the topology g whose existence is ensured by
Theorem 1.6 is again the standard topology on S'—this is consistent with Theorem 1.8.

23



7. A TRIPLE EQUIVALENCE

Previously, we have discussed three types of circle-like structures: the topological big circles (Def-
inition 2.6), the order-theoretic separation relations (Definition 2.10), and the 2-flimsy connectivity
spaces (Subsection 3.1). Moreover, we have drawn several links between these frameworks. In this
section, we sum up these connections and show that those different notions are in fact equivalent.
We then apply this equivalence to show Theorem 1.7.

Fix a set X. We introduce the three following sets: BCir(X) is the set of all topologies 7 on X
such that (X, 7) is a big circle (Definition 2.6), Sepa(X) is the set of all separation relations L on X
such that (X, 1) is dense and order-complete (Definitions 2.10 and 2.14), and Conn(X) is the set of
all connectivities C on X such that (X,C) is a 2-flimsy connectivity space (Definitions 3.1 and 3.4).

Any big circle is a 2-flimsy topological space (Proposition 2.7), so by Proposition 4.1, we obtain a
map Y : BCir(X) — Conn(X) mapping a topology 7 to the set of all connected subsets of (X, 7). (We
show in the proof of Theorem 1.7 that Y(7) is also the set of all big-path-connected subsets of (X, 7).)
Similarly, by Proposition 3.21, we obtain a map ®: Conn(X) — Sepa(X) mapping a connectivity C
to the separation relation 1 ¢ associated with (X,C) (Definition 3.18 and Proposition 3.21). Finally,
by Theorem 2.18, we obtain a map W: Sepa(X) — BCir(X) mapping a separation relation L to the
order topology of (X, L) (Definition 2.13).

Lemma 7.1. Let x,y € X be two distinct points. Then:

o For any topology T € BCir(X), the Y(7)-components of {x, y}c are exactly the connected com-
ponents of {x, y}B with respect to T;

o For any connectivity C € Conn(X), the open intervals of (X, ®(C)) between x and y are exactly
the C-components of {x, y}c;

o For any separation relation L € Sepa(X), the connected components of {x,y}c with respect to
the topology ¥(L) are exactly the open intervals of (X, L) between x and y.

Proof. The first point is by definition of Y(7). The second point is easily observed from Defini-
tions 2.12 and 3.18. To prove the third point, let us fix z € {z, y}c. By Definitions 2.12 and 2.13, the
two open intervals of (X, L) between x and y partition {z, y}E and are open in (X, ¥(L)). Moreover,
they are both non-empty as (X, L) is dense. Thus, they each contain at least one connected com-
ponent of {x,y}c for the topology ¥(7). But since the connectivity space (X, Y(¥(7))) is 2-flimsy,
Proposition 3.5 together with the first point imply that {z, y}E has exactly two connected compo-
nents with respect to the topology ¥(7), and these two components must therefore coincide with the
two open intervals between x and y. O

Using Lemma 7.1, we are going to prove that the sets Conn(X), Sepa(X) and BCir(X) are in
canonical bijection. More precisely, in the following diagram, any loop around the triangle composes
to the corresponding identity map:

Conn(X)

T

BCir(X) Sepa(X)

Theorem 7.2. The following facts hold:
(i) For any T € BCir(X), we have V(®(Y(7))) = 7.
(7i) For any C € Conn(X), we have C = T(V(P(C))).
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(iii) For any L € Sepa(X), we have L = &(Y(¥(L))).
Proof.

(i) Recall from Proposition 2.7 that any big circle is 2-flimsy and compact, so by Theorem 1.4, its
topology is generated by the connected components of the complements of all pairs of distinct
points. Using all three points of Lemma 7.1, we see that for distinct x,y € X, the connected
components of {x,y}ﬂ coincide for the two big circles (X,7) and (X, ¥ o ® o Y(7)). Thus,
YodoY(r)=r.

(ii) Similarly, Lemma 7.1 implies that for any distinct z,y € X the two components of {x,y}c
are the same for the two 2-flimsy connectivity spaces (X,C) and (X,Y o W o ®(C)). Then, the
identity Y o W o ®(C) = C is a direct consequence of Corollary 3.15.

(iii) To prove the identity o YToW (L) = L, we need to show that for any four distinct points a, b, ¢, d
of X, we have {a,b} Lyow(1){c,d} if and only if {a,b} L{c,d} (for non-distinct quadruples of
points, this is ensured by axiom (S2)). By Definition 3.18 and Lemma 7.1, this amounts
to showing that {a,b}L{c,d} if and only if ¢ and d are in distinct open intervals of (X, 1)
between a and b. But since Iy.(a,b) = {a: € {a,b, c}c ‘ {a,b} L {c, m}} is one of these two open
intervals and does not contain ¢, this is clear. O

We now prove Theorem 1.7 from the introduction, giving equivalent characterizations of BCir(X).

Proof of Theorem 1.7. The implication (iv)=-(iii) is stated in Proposition 2.7. The implications
(iii)=-(i) and (iii)=-(ii) follow directly from Theorems 1.4 and 1.5. Now, let us denote by C the set
of connected subsets of X and by Cy,, the set of its big-path-connected subsets.

If (i) holds, then (X,C) is a 2-flimsy connectivity space by Proposition 4.1, and the uniqueness
part of Theorem 1.4 implies that the topology of X is generated by the connected components
of the subsets {x,y}c for {z,y} € Chords(X). This means that the topology of X is W(®(C))
(cf. Definition 2.13 and Lemma 7.1), so X is a big circle by Theorem 2.18. We have shown (i)=(iv).

The implication (ii)=-(iv) is proved in the same way, using Proposition 5.1 and Theorem 1.5 to
prove that the topology of X is W(®(Cpp)) € BCir(X). This concludes the proof of the equivalence.

Finally, if (iii) holds, then both (X,C) and (X, Cpp) are 2-flimsy connectivity spaces. Moreover,
we have C, € C by Corollary 2.4. By Corollary 3.17, we must then have C = Cy,, i.e., a subset of X
is connected if and only if it is big-path-connected. O

8. AN EXAMPLE OF A 2-PATH-FLIMSY SPACE THAT IS NOT 2-BIG-PATH-FLIMSY

In this section, we construct a 2-path-flimsy topological space (X, .7) that is not 2-big-path-flimsy.
The main theorem is Theorem 8.5.

8.1. Strategy

Heuristic discussion. By Theorems 1.6 and 1.8, we know that any 2-path-flimsy space admits
a finer topology making it homeomorphic to the standard circle S' with its Euclidean topology &.
Hence, we can look without loss of generality for examples whose underlying set X is S', and for a
coarser topology .7 C & on S! such that (S',.7) and (S, &) share the same path-connected subsets
(in particular, (S!,.7) is 2-path-flimsy), but also such that (S!,.7) is not 2-big-path-flimsy.

Since any path-connected subset is also big-path-connected, X := (S!,.7) has to be big-path-
connected, and so does X \ {z} for any = € X. Hence, the fact that X is not 2-big-path-flimsy can
only mean that there are two distinct points z,y € X such that X \ {z,y} is big-path-connected
(but necessarily not path-connected at the same time). Therefore, there must be a big path v: L —
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X\ {z,y} joining the two path-connected components of X \ {x, y}—the map ~ has to be continuous
with respect to .7, but cannot be continuous with respect to & as (S!, &) is 2-big-path-flimsy.

In fact, we will construct the topology 7 such that a stronger property holds: there will exist an
“everywhere dense Hamiltonian big path” f: L — S', in the sense that f is a bijective map between
some big interval L and S! mapping every non-empty open interval I C L to a dense subset f(I)
of (S', &), such that f is continuous with respect to the topology .7. This implies that X := (S',.7)
meets our criteria: for any distinct z,y € St, if I C L is the open interval between f~!(x) and f~!(y),
then its image f(I) is a big-path-connected subset of X \ {z,y}, and as a dense subset of (S, &) it
intersects the two path-connected components of S'\ {z,y}, as desired.

Now, assume that we have a topology .7 C & and a bijective map f: L — S' as above, and
let Z(f) := {U cst ’ f~1(U) open in L} be the final topology induced by f. By hypothesis, f is
continuous with respect to 7, so 7 C .Z(f). Since we also have J C &, the topology 7 is coarser
than the topology 7’ := Z(f) N &. The coarser a topology, the more paths and path-connected
subsets it has. Since 7 C 7' C &, and since (S!,.7) and (S', &) share the same paths and the
same path-connected subsets, so does (S!,.7”). In particular, (S!,.7’) is 2-path-flimsy, and since f
is continuous with respect to 7’ it is not 2-big-path-flimsy, as explained above. Therefore, we can
without loss of generality look for examples satisfying 7 = 7' = &N.Z(f): the construction of the
topology 7 will then directly follow from the construction of an adequate map f.

Thanks to the previous reasoning, we have set ourselves a new goal: construct an everywhere
dense Hamiltonian big path f: L — S! such that S' equipped with the topology & N.% (f) does not
admit more paths than with the Euclidean topology &. To avoid creating new paths, we must ensure
that no non-trivial path can “follow the trail mapped out by f”, informally speaking. To prevent
that from happening, the map f: L — S! shall be chosen to be very chaotic. Note also that we must
have |L| = S| = 2% as we want f to be bijective.

Formal construction. In the whole section, we see S as the quotient of the interval [0, 3] obtained
by identifying the points 0 and 3, and we let & (the Euclidean topology on S') be the quotient topology
inherited from the usual Euclidean topology. As mere sets, we will also identify S! with [0, 3).
We equip L := [0, 1] with the lexicographic order <je, defined as follows: for any = = (z,,)nen €
L and any y = (Yn)nen € L, set N(z,y) := min {n eN ‘ Tpn F yn} with the convention min & = oo,
and write
T <lex Yy < T =y oOr IN(z,y) < Yn(z,y)- (81)

The following proposition, whose proof is postponed to Subsection 8.4, gathers the key properties of
the ordered set (L, <jex)-

Proposition 8.1. (L, <) is a dense order-complete linear order with ends, of cardinality 2%°.
Equipped with the order topology, the big interval L is reqular Hausdorff, compact (so locally compact
and o-compact), and first-countable. Moreover, its path-connected components are the singletons.

In all this section, fix £1 = (%, %, ...)and fy = (%, %, ...), so that min L <jex #1 <jex {2 <lex max L.
Then, we define the following partition {L;, La, L3} of L into linear continua:

Ly =[minL,l], Lgo= ({1,¢2), L3=[l2,maxL].

We now present the key tool for the construction of the counterexample. This is an adaptation of
the existence of Bernstein sets (cf. [Oxt80, Theorem 5.3] for background) for products of topological
spaces: it provides a partition into rectangles that are “as pathological as possible”. Its proof is
postponed to Appendix B.

Theorem 8.2 (Partition by Bernstein rectangles). Let Y and Z be two topological spaces that are
Hausdorff, locally compact and o-compact, first-countable, and have cardinality 2%°. Then, there exist
partitions { A1, Aa, Az} of Y and {B1, B2, B3} of Z such that for every closed subset F CY x Z, at
least one of the following holds:
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o F can be covered by countably many lines, i.e., subsets of the form {y} x Z orY x {z} with
yeY andz € Z;

o F meets each of the nine subsets A; x Bj fori,j € {1,2,3} (the “rectangles”).

In what follows, we fix partitions {41, Aa, A3} of L and {Bj, B, B3} of S! as provided by Theo-
rem 8.2 for Y = L and Z = S', in which case the hypotheses follow from Proposition 8.1 and from
the usual properties of the standard circle.

Lemma 8.3. For any i € {1,2,3}, the set A; (resp. B;) is a Bernstein set in L (resp. in St).

Proof. For any uncountable closed subset F' C L, the product F x S' is a closed subset of L x S that
cannot be covered by countably many lines, so it intersects A; x By, which means that F' intersects A;.
The case of B; is analogous. O

Lemma 8.4. For any (i,5) € {1,2,3}?, we have |A; N L;| = |[i — 1,4) N B;| = 2%,
Proof. Observe that for any s € (31, 4), the set {s} x [0, 1]N"—which is the closed interval of L

33
between (s,0,0,...) and (s,1,1,...)—is an uncountable closed subset of L;, and hence intersects A;
by Lemma 8.3. Since these sets are disjoint for various values of s, since there are (%, %)‘ = 2%

possible values of s, and since we also have an obvious upper bound, this implies |4; N L;| = 2o,
Similarly, any non-empty open interval of (0,3) contains 280-many disjoint copies of the Cantor
set: indeed, it contains a dilated and translated copy of the Cantor ternary set, which is homeomor-
phic to {0,1} and so to {0, 1} x {0, 1} = Llego,1pv {w} x {0, 1Y (see [Kur72, Chapter XVI.§]
for details). Each one of these copies is an uncountable closed subset of S' and so meets B; by
Lemma 8.3. Thus, [i — 1,4) N B; also has cardinality 2%°. O

For all (i, j) € {1,2,3}?, pick arbitrary bijections f; j: 4; N L; — [i —1,4) N B;, which is possible
as these two sets have the same cardinality by Lemma 8.4. Then, define a map f: L — S' by

Yee L, f(¢):= f%](ﬂ) ifleA;in Lj,

and observe that f is a bijection from L to S, satisfying f(L;) = B; and f(A4;) = [i — 1,4). Finally,
as explained above, we define the topology .7 := & N.%(f) on S'. More concretely:

T = {U c st ’ U is open in (S', &), and f~1(U) is open in L}. (8.2)

Let X be the topological space (S!,.7). In what follows, we will be careful to only use S! to denote
the topological space (S!, &) equipped with the Euclidean topology (or its underlying set), and to
systematically use X when the topology is 7. When talking about a map [0, 1] — X (which is also a
map [0, 1] — Sl), we say that it is &-continuous or .7 -continuous when it is continuous with respect
to the topologies & or .7, respectively. Note that f is a (.7 -continuous) big path on X, as L is a big
interval by Proposition 8.1. The space X will be our desired counterexample:

Theorem 8.5. X is 2-path-flimsy, but X \ {x,y} is big-path-connected for all distinct x,y € X.
We prove the two assertions of Theorem 8.5 separately, starting with the second, easier one.
Proposition 8.6. For any z,y € X, the space X \ {x,y} is big-path-connected.

Proof. Because L1, Ly, L3 are disjoint, there is i € {1,2,3} such that L; contains neither f~!(z)
nor f~!(y). By construction, f(L;) = B;, so B; is a big-path-connected subset of X as the .7-
continuous image of a big-path-connected space (cf. Corollary 2.4), and avoids {z,y}. Let C7 and Co
be the two path-connected components of S'\ {z, y} with respect to the Euclidean topology &, which
are in particular big-path-connected subsets of X. For any j € {1,2}, C; U {,y} is an uncountable
closed subset of (S!,&), so the sets Cj U {z,y} intersect B; by Lemma 8.3. Since z,y ¢ B;, this
means that C; N B; # @, so C; U B; is big-path-connected by Proposition 5.1 (axiom (C2)), and
then the union C; U Cy U B; = X \ {z,y} is also big-path-connected. O]
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In particular, Proposition 8.6 implies that X is not 2-big-path-flimsy. In order to prove Theo-
rem 8.5, it remains to prove that X is 2-path-flimsy, which follows from the following result:

Proposition 8.7. The space X has the same paths as the standard circle (S*, &).

The proof of Proposition 8.7 represents most of the remaining work and is divided across the two
following subsections. In Subsection 8.2, we show that any path can be reparametrized to prevent
it from “halting” (Proposition 8.9). In Subsection 8.3, we prove that any path on X that is not
&-continuous must “halt”, which together with Proposition 8.9 implies Proposition 8.7. This will
conclude the proof of Theorem 8.5.

8.2. Reparametrization of paths into light paths

In this subsection, we prove Proposition 8.9, which is a reparametrization result in the spirit of the
“monotone-light factorization” (compare to [Col71, Theorem 6]).

Definition 8.8. Let Y be a topological space. We say that a continuous map g¢: [0,1] — Y is light
if it is not constant on any non-empty open interval, i.e., if its fibers are all totally disconnected.

For us, the importance of this notion comes from the fact that proving Proposition 8.7 will be
easier for light paths. The following fact allows us to reduce the general case to the light case:

Proposition 8.9. LetY be a Ty topological space, and let g: [0,1] — Y be a non-constant continuous
map on Y. Then, there exist two continuous maps g: [0,1] — Y and ¢: [0,1] — [0,1] such that
g = g o and such that g is light.

A key tool is the following lemma:

Lemma 8.10. Let ~ be an equivalence relation on [0, 1] whose equivalence classes are closed intervals.
Let I be the quotient [0,1]/ ~, and let q: [0,1] — I be the natural surjection. Then:

o [ is equipped with a natural strict linear order <, making q into an order-preserving surjection.

o The order topology of (I,=<) coincides with the quotient topology on I inherited from the Eu-
clidean topology on [0, 1].

o If ~ has at least two equivalence classes, then (I, <) is order-isomorphic to [0, 1].

Proof. An element of I is a closed interval [a, b], and these intervals do not overlap: if [a, b] # [d/, V']
are two elements of I, then either b < a’ or b < a. Hence, we can define a linear order < on I by:

[a,b] = [a', V] <= b<d (equivalently, a <¥).

The surjection ¢ is order-preserving, because if s,t € [0,1] belong respectively to the equivalence
classes [a, b] and [d/, b] and satisfy s < ¢, then we have a < s <t <V, so [a,b] < [d,b]. We let < be
the corresponding strict linear order.

Let 7, be the quotient topology on I and let 7, be the order topology of (I,<). As a linearly
ordered topological space, (I,7,) is Hausdorff. As a quotient of a compact space, (I, 7,) is compact.
For any open interval U of (I, <) of the form ([a, b], [c, d]), its preimage ¢~ (U) = (b, ¢) is open in [0, 1].
Similarly, using the notation of Subsection 2.1, the preimages of the open intervals (—oo, [a,b]) and
([a, b], +00) are respectively (—oo,a) and (b, +00), which are open in [0, 1]. Therefore, 7, C 74, and
by Lemma 2.17 we then have 7, = 7.

Since 1, = 14, the space (I, 7,) is a quotient of [0, 1], so it is compact, connected, and separable
just like [0,1]. Assuming that |I| > 2, this implies that the order < is dense and order-complete
(corresponding to connectedness, cf. [Wil70, 26G]), has a minimum and a maximum (correspond-
ing to compactness, cf. Proposition 2.3 (iv)), and admits a dense countable subset. By Cantor’s
isomorphism theorem [Can97, §11], this implies that (I, <) is order-isomorphic to [0, 1]. O
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Proof of Proposition 8.9. Define an equivalence relation ~ as follows: for any s,t € [0, 1] with s < ¢,
s~t <= t~s < g|y Is constant.

Since the connected subsets of [0, 1] are exactly the intervals, we see that s ~ ¢ if and only if there
is 4 € Y such that s and ¢ belong to the same connected component of g~ ({y}). In other words,
the equivalence classes of ~ are the connected components of the fibers of g. In particular, each
equivalence class is an interval and a closed subset of g~!({y}) for some y € Y, which is itself closed
in [0,1] since Y is Ty and g is continuous. Therefore, all equivalence classes of ~ are closed intervals.

Define the quotient space I := [0, 1]/ ~. Since g is non-constant, we have |I| > 2. By Lemma 8.10,
I admits a homeomorphism 7: I — [0, 1] such that its composition with the projection ¢: [0,1] — I
is a non-decreasing continuous map ¢ := no q: [0,1] — [0,1]. Moreover, since g is constant on
every equivalence class of ~ by construction, g factors through the projection ¢ via a continuous map
g: I — Y. Define g := gon~!, which is a continuous map [0, 1] — Y satisfying gop = gon~tonoq =
goq=g. Checking that the path g is light amounts to checking that g is not constant on any non-
empty open interval of I, which follows by maximality of the equivalence classes. Indeed, if § were
constant on a non-empty open interval .J of I, then ¢~!(.J) would be an open interval of [0, 1] (since ¢
is continuous and order-preserving) that is not mapped to a single equivalence class of ~ but on
which ¢ is constant, contradicting the definition of ~. O

8.3. Proof of Proposition 8.7

The goal of this subsection is to prove Proposition 8.7: we show that the space X = (S!,.7) (the
circle equipped with the topology defined in Equation (8.2)) has the same paths as the standard
circle (S, &). In order to apply Proposition 8.9, which lets us reduce the proof of Proposition 8.7 to
the case of light paths, we first prove that X is Tjy:

Proposition 8.11. The space X is T;.

Proof. Recall that (S!, &) and L are Ty, as they are Hausdorff. By definition of .7 (Equation (8.2)),
checking that a singleton {z} is closed in X means checking that {z} is closed in (S', &) (which is
true) and that f~!({x}), which is a singleton as f is bijective, is closed in L (which is again true). [

We first prove three lemmas, gathering more and more information about the topology .7 and

about the local behavior of paths on X. We will use the notations x,, ﬁ r and z, i) T to denote
convergence of sequences in S! = (S, &) and in X = (S!,.7), respectively.

Lemma 8.12. Let x,y € S', let ¢ € L, and let x, € S* for alln € N. If z, Z, x, if Ty N Yy, and
if f~Yan) —> L in L, then x =y or x = f(£).

Proof. Let N € N. The spaces S! and L are Hausdorff, so their respective subsets {y}U{azn ‘ n>N }
and {/} U { FHzn) ‘ n>N } are closed. Since the singletons of S' and L are closed, it follows that

Sy = {fO}u{y} U {z. | n= N}

is closed in S!, and that f~1(Sy) = {f~1(y)}u{f}U {fﬁl(mn) ‘ n > N} is closed in L. By definition
of .7 (Equation (8.2)), this means that Sy is a closed subset of X. Therefore, the convergence

Tn T implies that € Sy. This holds for any N € N, therefore either x = f(¢), or x =y, or the
sequence () takes the value z infinitely many times. However, in the last case,  is also the limit
of a subsequence of (x,,) for the Euclidean topology, and then 2 = y since S! is Hausdorff. O

Lemma 8.13. Let g: [0,1] — X be a T -continuous map, and let s € [0,1]. If U CS' and V C L
are open neighborhoods of g(s) and of f~(g(s)) respectively, then there exists an open neighborhood
W C [0,1] of s such that, for allt € W, we have g(t) € U or f~(g(t)) € V.
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Proof. Assume, by way of contradiction, that there is a sequence (s,) € [0,1]" such that s, — s,
g(sn) ¢ U and f~Y(g(sp,)) ¢ V for all n € N. Since S! and L are sequentially compact (this is well-
known for S!, cf. Footnote 5 or Proposition 8.1 for L), replacing (s,) by a subsequence if needed,

we can assume that g(sp) %, 2 and that f~Yg(sn)) — £ in L. Since U and V are open, we have

x ¢ U and ¢ ¢ V. Furthermore, by .7-continuity of g, we have g(sy) 7, g(s). By Lemma 8.12, we
have g(s) = x or f~1(g(s)) = £. The first case is impossible because g(s) € U, and the second is
impossible because f~!(g(s)) € V. This is a contradiction. O

Lemma 8.14. Let g: [0,1] — X be a 7 -continuous map, and let s € [0,1]. Let U CS', V C L,
and W C [0,1] be open neighborhoods of g(s), f~(g(s)), and s, respectively. Then:

(i) If g is not &-continuous at s, then there exists a non-empty open interval I C W such that
fHen)cv.

(ii) If the map f~'og: [0,1] — L is not continuous at s, then there exists a non-empty open interval

I C W such that g(I) CU.

Proof. First, we assume that g is not &-continuous at s, and we prove (i). Then, there is an open
neighborhood U’ of g(s) in S! such that s is not in the interior of g=(U’). Since the Euclidean
topology on S! is regular, we can choose two disjoint open subsets Ui, and U,y of S! such that
g(s) € Uy, and ST\ U’ C Upy. By Lemma 8.13, there is an open neighborhood W7 of s in [0, 1] such
that g(t) € U, or f=1(g(t)) € V for all t € W7.

Note that W N Wi is an open neighborhood of s. Because s is not in the interior of g=!(U’),
there exists o € W N Wy such that g(o) ¢ U’. In particular, Uy, is an open neighborhood of g(o)
in S!. Moreover, g(c) ¢ Ui, because Uy, and U,y are disjoint, so f~!(g(c)) € V by the properties
of W1. Thus, V is an open neighborhood of f~!(g(c)) in L. By Lemma 8.13, there is then an open
neighborhood W5 of ¢ in [0, 1] such that g(t) € Uy or f~1(g(t)) € V for all t € Wa.

The set W N W3 N Wy is an open neighborhood of o in [0, 1], so there exists an open interval
I CWNW;NWy CW that contains 0. We claim that f~!(g(t)) € V for any t € I. Indeed, U,
and Uyt are disjoint, so g(t) ¢ Uin or g(t) ¢ Uout. But since ¢ € Wi N Wy, we can use at least one of
the properties defining W1 and W5 to prove that f~!(g(t)) € V. This concludes the proof of (i).

The proof of (ii) is done in the exact same way (using the regularity of L given by Proposition 8.1
instead of that of S'). We omit the details. O

Proof of Proposition 8.7. Since .7 C & by construction, any path on (S!,&) is .7-continuous. To
prove the converse, we fix a .7-continuous map g: [0,1] — X, and our goal is to prove that it is
&-continuous.

If g is constant, then this is clear. Otherwise, since X is T; by Proposition 8.11, we can fix a
light path g and a map ¢ as given by Proposition 8.9. If g is &-continuous, then so is g =goy as a
composition of continuous maps. This shows that it suffices to deal with light paths. Without loss
of generality, we now assume that g is light.

We assume, by way of contradiction, that there exists an s € [0, 1] such that g is not &-continuous
at 5. Because L; and L3 are disjoint, there exists i € {1,3} such that f~1(g(s)) ¢ L;. Since L; is
closed, Lemma 8.14 yields a non-empty open interval I C [0,1] such that f~(g(I))NL; = @. If
f~t o g is continuous on I, then f~!(g(I)) is a non-empty path-connected subset of L, hence a
singleton by Proposition 8.1, so ¢ is constant on I, contradicting its lightness. For the rest of the
proof, we therefore assume that f~! o g is not continuous on I.

By this new assumption, there is t € I such that f~! o ¢ is not continuous at ¢. Even when they
are viewed as subsets of S' = [0,3]/{0, 3} via the identification of the points 0 and 3, no point belongs
to all three sets [0, 1], [1,2], and [2,3], so there exists j € {1,2,3} such that g(s) ¢ [j — 1,;] C S*.
Since [j — 1, 4] is closed in S!, Lemma 8.14 yields a closed interval J C I with positive length such
that g(J)N[j — 1,j] = @. Note that we also have f~1(g(J))NL; = @.
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Now, define F' as the closure in L x S of {(f_l(g(r)), g(r)) ‘ re J} = (f"tog, g)(J). Our goal
is to show that F' does not meet A; x B;. By contradiction, let (¢,2) € F'N(A; x B;). Observe from
Proposition 8.1 that L x S! is first-countable as a product of two first-countable topological spaces.
Thus, there is a sequence (7, ),en of points of J such that g(ry,) %, z and such that FHg(rn)) — €
in L. By sequential compactness of the bounded closed real interval J, we can assume without loss
of generality that r, — r € J, so that g(ry,) Z, g(r) by J-continuity of g. By Lemma 8.12,
we then have g(r) = x or f~1(g(r)) = £. If g(r) = z, then g(r) € B; and so f~1(g(r)) € L; by
definition of f, contradicting f~1(g(J)) N L; = @. If f~1(g(r)) = ¢, then f~1(g(r)) € A; and so
f(fYg(r))) = g(r) € [j — 1,5), contradicting g(J) N [j — 1,j] = @. Since both cases lead to a
contradiction, we have shown that F' does not meet A; x B;.

By choice of A; and Bj (cf. Theorem 8.2), this implies that F, and (f~! o g,9)(J) a fortiori,
can be covered by countably many lines. In other words, there are two countable sets D C L and
D’ C S! such that g(J) C f(D)U D', so g(J) is at most countable. Now, recall that g: [0,1] — X
is 7 -continuous and that X is Ty (Proposition 8.11), so g~ !({z}) is closed in [0,1] for all z € X.
Hence, the decomposition

J= U Jng'{z})

zeg(J)

expresses the compact real interval J as an at-most-countable union of disjoint non-empty closed sets.
By a classic theorem of Sierpiniski [Siel8] (see also [Eng89, Theorem 6.1.27]), this is only possible
when |g(J)| =1, so g is constant on J, contradicting its lightness. O

8.4. The lexicographic order on sequences of real numbers

Recall from Equation (8.1) that L = [0, 1]Y is endowed with the lexicographic order <. Also recall
that for any =,y € L, we write N(z,y) = min {n eN ’ Ty # yn} Here, we prove Proposition 8.1.

Proof of Proposition 8.1. That the lexicographic order is a total order is standard. The cardinality
of Lis |L| = |[0,1]]N = (280)% — 28 — 2% The elements (0,0, ...) and (1,1,...) are respectively
the minimum and maximum of (L, <jex)-

In what follows, if € L, we denote by z,, € [0, 1] its n-th coordinate.

Let x,y € L be such that 2 <jex y. Then, we have z <jex 2 <lex ¥y Where z = (x";y" Jnen. Indeed,
N(z,2) =N(y,2) = N(z,y) and Ty ) < 2n(zy) < Yn(zy)- Lhus, (L, <iex) is dense.

Let A C L. Using the convention sup @ = 0, recursively define (m,),en as follows:

myo ::sup{xo ‘ xGA},

M1 := Sup {ka ’ x € A such that z; =m,; forall 0 <i < k} ) (8.3)

We claim that m = (my,)peny € L is the least upper bound of A. Indeed, if z € A is distinct
from m, then we have x; = m; for all 0 <i < N(x,m) — 1 by definition of N(z,m), and so @y m) <
My(z,m) Dy definition of m. Since Ty m) # My(z,m), We get that x <jex m. Conversely, let y € L
be an upper bound of A distinct from m. For all z € A such that N(z,m) > N(y,m), we have
N(z,y) > min(N(z,m),N(y,m)) = N(y, m), and so Ty(y,m) < Yn(y,m) because T <jex y. It follows that
Yn(y,m) = Sup {mN(yvm) ’ x € A such that N(z,m) > N(y,m)} = My(y,m) and so m <jex y. We have
proved that (L, <jex) is order-complete and that

m = sup A. (8.4)

By Proposition 2.3, L is then compact, connected, and Hausdorff. In particular, L is locally
compact and o-compact, but also regular (and even normal, see [Mun00, Theorem 32.3]).
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To prove that L is first-countable, it suffices to prove that for any « € L, if z # min L (resp. if z #
max L), then there are sequences (z¥)>1 (resp. (y*)x>1) of points of L\ {z} such that sup;~, 2% = z
(vesp. infr>1 y* = y). Indeed, the open intervals (z*,y*) for all k > 1 then form a countable local
base of x, where we have let 2¥ = —o0 if # = min L and y* = 400 if 2 = max L. In fact, since
L = (L, <jex) is order-isomorphic to its opposite (L, >1ex) via (zn)nen — (1 — 2p)nen, the two cases
are symmetrical and we only need to find (z*);>1 for z # min L.

If there is a J € N such that 3 > 0 but z,, = 0 for all n > J, then we let xfl = xy, if n # J, and
2% := (1 — £)x;. In that case, the sequence (z*)gen is strictly increasing.

Otherwise, we let 2F := z,, if n < k, and x¥ := 0 if n > k. This time, the sequence (z*) is
non-decreasing, and =¥ <o z for all k > 1 as z has infinitely many non-zero coordinates.

In both cases, using the explicit formula for the supremum given by Equations (8.3) and (8.4),
we see that sup ¥ = z, concluding the proof that L is first-countable.

Let v: [0,1] — L be continuous. As a continuous image of a compact connected set, ([0, 1])
is a compact and connected subset of L. Thus, by Proposition 2.3 (iv), there are two elements

T = (xn)nEN and y = (yn)nGN of L such that x <jex y and 7([07 1]) = {Z €L ‘ T <lex Z Slex y}
Assume, by way of contradiction, that x, < y, for some n € N. Then, for any s € (z,,y,), the
non-empty open set

I,(s) == {z €L ’ (z0y -y Tn-1,5,0,0,0,...) <jex 2 <lex (:Uo,...,xn,l,s,l,l,l,...)}

is contained in ([0, 1]). Moreover, the subsets I,,(s) are disjoint for distinct values of s € (xp,yn),
o {Wfl(ln(s)) ‘ s € (zp, yn)} is an uncountable family of disjoint non-empty open subsets of [0, 1],

but this cannot exist since [0, 1] is second-countable. By contradiction, we have shown that z = y.
Thus, all paths on L are constant and the path-connected components of L are the singletons. [

A. PROOF OF AXIOM (C4) FOR BIG-PATH-CONNECTED SUBSETS

In this appendix, we complete the proof of Proposition 5.1. Let X be a topological space, and let C be
the set of all its big-path-connected subsets. We are going to show that (X,C) satisfies axiom (C4).

Proof. Pick non-empty sets A, B € C such that AU B € C. If there is a big path f: J — AU B such
that f(J\ {maxJ}) C A and f(max.J) € B, then both AU {f(max.J)} and BU {f(maxJ)} = B
are big-path-connected, completing the proof (case (i) holds). Therefore, we can exclude this case
and assume the following:

for any big path f: J — AU B, if f(J \ {maxJ}) C A, then f(max.J) € A. (A.1)
Symmetrically, swapping the roles of A and B, we can assume:
for any big path f: J — AU B, if f(J\ {maxJ}) C B, then f(maxJ) € B. (A.2)
If case (ii) of axiom (C4) ever happens, then we are done, so we can also assume:
if § € AU B is big-path-connected, then SN A and S N B are big-path-connected. (A.3)

Fix arbitrary points a € A and b € B, and let v: L — AU B be a big path from a to bin AU B.
Let s := supy (A). We have v((sa, max L]) C B, so (A.2) implies that v(s4) € B. Without loss
of generality, replacing b with v(s4), L with [min L, s4], and ~ with the (reparametrized) restricted
big path ¥|imin 1s,], We can assume that s4 = max L. Hence,

for any ¢ € L\ {max L}, there exists £ > ¢ such that (') € A. (A.4)
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Fix an ordinal number k of cardinality strictly larger than that of L (e.g., the smallest ordinal
number of cardinality 2/*/, by Cantor’s theorem). For the rest of the proof, we are going to construct
by transfinite recursion a list (€y)acx of points of L, a list (La, <a)ack Of big intervals, and a
list (ha)ack Of big paths hy: Ly, — AU B satisfying the following properties for all £ € k:

(i) for all @ < B < &, we have £, < {g;

(ii¢) for all @ <&, ho(min Ly) = a and hq(max Ly) = v(4a);

)

)
(iiig) for all @ < 8 <&, Lq is a proper initial segment of Lg;
(ive) for all a < B <&, the restriction of hg to Ly is hq, and hg([max L, max Lg]) C v([la, £3]);
)

(ve) for all o <&, ha(La) C A.

By point (i¢), the map o € k — £, € L will then be injective, contradicting the assumption on
the cardinality of k and hence concluding the proof.

First, we initialize the recursion as follows: let (Lo, <¢) be the real segment [0, 1] equipped with
its usual order, let ¢p = min L, and let hg: s € [0,1] — a € AU B be a constant path. For the
induction step, fix an ordinal number 0 < { < k and assume that we have constructed ({o)a<¢,
(Las <a)a<e, and (ha)a<e. Our goal is to construct fg¢, (Lg¢, <¢), and he. We treat the cases of a
successor ordinal and of a limit ordinal separately:

o Assume that £ is a successor ordinal, and write { = § + 1. Since y(¢5) € hs(Ls) € A by
(iis) and (vs), we have £5 # max L, so by (A.4) we can pick f51; € L with ¢5,1 > ¢s such
that v(¢541) € A. The subset S := v([ls, £s41]) of AU B is big-path-connected, so S N A is
big-path-connected by (A.3). Now, we would like to choose a big path from ~(¢s) to v(¢s4+1)
on SN A. However, the (non-empty) collection of big paths on any space forms a proper class
and we will have to make infinitely many such choices throughout the recursion. Hence, to
apply the axiom of choice properly, we need to determine an explicit non-empty set contained
in that class. To do that, let

m:= min{\J| ‘ f:J — SN A big path from v(¢5) to 7(€5+1)} ,

which is a well-defined cardinal number, let 7 be a set formed of at least one representative from
each homeomorphism class of big intervals J of cardinality m (for example, J C {m} x P(m)
is the set of all topological spaces (m, 7) obtained by equipped m with some topology 7 making
it into a big interval), and define the non-empty set

E = {f: J—=>SNA ‘ big path from v(4s) to y(¢s41) with J € j}.

This technical issue out of the way, pick an arbitrary element of £/, which is a big path fs: J5 —
SN A from v(4s) to v(€s41) as desired.

Now, let (Lst1, <s+1) be the big interval obtained by concatenating Ls and Js and by identify-
ing max Ly and min Js. Since hs(max Ls) = fs(min Js), we can define a big path hs1: Lsi1 —
AU B by setting for all t € Lsyq,

hs(t) if x € Ls,

hori(t) = {f(;(t) if ¢z € Js.

By recursion hypothesis, (is;1-iiisy+1) and (vsy1) are clear. For (ivsi ), observe that for any
a < § we have hsiq([max Lo, max Lsy1]) = hs([max Lo, max Ls|) U f5(Js) which is contained
in y([la, ¢5]) US = 7([a, s+1]). This concludes the induction step for successor ordinals.
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o Assume now that ¢ is a limit ordinal. Let {¢ := sup,¢ {a, and let L¢ be the union of the (L )a<e
supplemented with an additional point, i.e.,

Le¢ = (U La) U {g}.

a<é

For s,t € Lg, write s <¢ t if ¢ = £ or if there is o < & such that s, € L, and s <, t. As
the non-strict orders <, are compatible for all & < & by (iiis), the binary relation <¢ is a
well-defined (non-strict) total order on Lg¢, making (L¢ \ {{}, <¢) into a dense order-complete
linear order. Moreover, using (iii, ) for all o < £ together with the fact that £ is a limit ordinal,
we see that § = sup, ¢ max Lo, = sup(L¢ \ {}). Hence, (L¢, <¢) is a big interval. Furthermore,
for any o < &, Lq is a proper initial segment of L, so (iii¢) holds.

Define the map h¢: Le — AU B as follows:

he(t) = {ha(t) if t € L, for some o < &,
T ift=c¢.

Thanks to (ive) for a < &, he is well-defined. Before proving that he is continuous, let us
show (ive¢). By definition, the restriction of h¢ on Ly is hy for any o < . Moreover, we have

he ([max Lq, max Le]) = he([max Ly, §]) = U he ([max Lq, max Lg]) U {he(§)}
a<pf<€&

— U hg([max Lq, max Lg]) U {y(€¢)}

a<f<€

U 'Y(wavgﬁ]) U {7(65)} - 7([€aa€€]>'

a<f<€E

N

The map h¢ is continuous on L, for all o < £ as it coincides there with the continuous map h,
and it is thus continuous on L¢ \ {{} = Uy« La. Furthermore, for any neighborhood V' of
he(§) = v(le), by continuity of v and because f¢ = sup,¢ fa, there exists o < § such that
Y([lasLe]) € V, and then he([max Lo, max L¢]) € V by (ive). This proves that he is also
continuous at &, so h¢ is indeed a big path.

It remains to show (i¢), (ii¢), and (v¢). Point (i¢) immediately follows from (ig) for g < ¢, and
from the fact that £ is a limit ordinal (for any a < &, we also have a+1 < §, 50 £ < loq1 < {¢ by
(ia+1) and the definition of £¢). Point (ii¢) follows from (ii,) when o < £, and by construction
of hg when a = . To prove (v¢), observe from (v,) and (ive) that he(La) = ha(La) C A for all
a < &, which implies that he(Le \ {£}) € A, and then apply (A.1) to deduce that he(Le) C A.
This concludes the induction step for limit ordinals.

As previously explained, this concludes the proof. O

Remark A.1. In the previous proof, in order to properly apply the axiom of choice, we have had
to restrict to those big paths whose domain has minimal cardinality among those joining two given
points. Explicit upper bounds are known about this minimal cardinality, cf. [CC00] (for Hausdorff
spaces) and [Penl6, Corollary 4.5].

B. BERNSTEIN RECTANGLES

This section is devoted to the proof of Theorem 8.2. Let Y and Z be topological spaces that are
Hausdorff, locally compact and o-compact, and first-countable. We endow the space Y x Z with the
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product topology. We call line a subset of Y x Z of the form {y} x Z or Y x {z}, where y € Y and
z€ Z. Forany Sy CY and Sz C Z, we set

Sy &Sz := (Sy X Z)U(Y X Sz)

To prove Theorem 8.2, we will mimic the usual construction of a Bernstein set in the real line by
transfinite recursion, by choosing an enumeration of all closed subsets of Y x Z and, for each such
subset, adding some of its points to A; and B;. This approach requires us to control the number
of such subsets, and to ensure that at each step of the recursion, the next subset is not covered by
the lines induced by the points already selected. Both of these tasks will be taken care of by the
following theorem (which is of independent interest).

Theorem B.1. If a closed subset F' C'Y x Z cannot be covered by countably many lines, then it
contains a separable closed subset that cannot be covered by fewer than 280 lines.

Theorem B.1 establishes a weak form of the continuum hypothesis, in the spirit of the Cantor—
Bendixson theorem ([Kec95, Corollary 6.5]): any closed subset of Y x Z covered by fewer than 20
lines can be covered by countably many lines. Our proof is mainly based on an idea that was privately
communicated to us by Rolf Suabedissen. Just like for the Cantor-Bendixson theorem, our proof
relies on the construction of a Cantor scheme (cf. [Kec95, Definition 6.1]) whose blocks are in disjoint
horizontal and vertical strips, and are centered on the condensation points of F', defined as follows:

Definition B.2. Let S be a topological space, and let A C S. A point = € S is a condensation point
of A if every neighborhood of x contains uncountably many points of A. (Note that x does not need
to belong to A.)

Lemma B.3. Let S be a o-compact topological space. If A C S is uncountable, then there exists a
condensation point of A.

Proof. Let (Ky)nen be a sequence of compact subsets of S such that S = {J, ey Kpn. Assume that A
has no condensation point, i.e., that | {U open in S ‘ UNAis countable} = 5. Then, each compact

subspace K, is covered by finitely many open sets U, ..., U, for which U; N A is countable, so K, N
A C UL (UiNA) is countable. But then A = |J,,cn(K,,NA) is countable, which is a contradiction. [

Proof of Theorem B.1. First, using the hypothesis on F' and by transfinite recursion on the first
uncountable ordinal number, we construct an uncountable subset A of F' such that distinct points
of A have both coordinates distinct. Next, since Y is first-countable, Hausdorff, and locally compact,
[Mun00, Theorem 29.2] ensures that we can fix for every y € Y and for every z € Z a countable
local base (NY)g>1 of compact neighborhoods of y and a countable local base (NF)g>1 of compact
neighborhoods of z.

The main idea of the proof (due to Rolf Suabedissen) is to construct the desired subset of F via
a Cantor scheme. To do so, let us introduce some notation. We denote the natural projections by
my:Y x Z =Y and by mz: Y x Z — Z. Denote by 2<N the set of all finite binary words (that is,
whose terms belong to {0,1}), and by @ € 2<N the empty word. For each word u € 2<N, denote by
w0 (resp. 1) the word obtained by appending 0 (resp. 1) at the end of u. We will recursively
construct a list (Cy,),eo<n of closed subsets of F such that, for all u € 2<N:

(i) if u # @, then C, is compact;

(ii) 7y (Cu—0) N7y (Cu~1) = 72(Cu~0) N T2(Cu~1) = I;
(iii) Cu~oU Cy~1 C Cu;
)

(iv) Cy N A is uncountable.
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We begin by setting C = F, which is closed, and then Cz N A = A is uncountable. Let v € 2<N
and assume that we have already constructed C,,. Since Y and Z are o-compact, Y x Z is also
o-compact, so by Lemma B.3 there is a condensation point (yo, 20) of C,, N A. The set

WP e NN (CunA) = ({yo} & {z0})NCuN A
k>1

cannot have more than two elements because any two distinct points of A have both of their co-
ordinates distinct. Hence, the sets (C, N A) \ (N° @& N°) for k > 1 cover an uncountable set
by (iv). Tt follows that there is kg > 1 such that (C, N A) \ (N @ Np°) is uncountable. Using
Lemma B.3 again, we fix a condensation point (y1,z1) of (Cu N A) \ (N @ N.0). Observe that
Y1 # yo and z1 # 29, because otherwise N,gg & N,fg would be a neighborhood of (yi, 21) that does
not meet (Cy, N A)\ (N2 @ N°). Thus, since Y and Z are Hausdorff, there exists k > 1 such that
NP NN" = N N N* = @. Then, let

Cu~0:=Cy N (N x N°) and Cy~1:= Cy N (N x N1).

Points (ii) and (iii) are clear. By definition of condensation points, N° x N° and NJ' x NZ' both
have uncountable intersections with C,, N A: this entails (iv). Finally, C;,~¢ and C,~1 are compact
as the intersections of the closed subset C, with the compact sets N;° x N° and N/* x N7'. Since
Y x Z is Hausdorff, C;,~¢ and C,~; are also closed. This concludes the construction of (Cy,),co<n.

We are now ready to build the desired separable subset of F. Thanks to (iv), we can pick

arbitrarily ¢, € C, for all u € 2<N. Next, define G as the closure of {cu u € 2<N}. By definition, G
is closed and separable (since 2<N is countable). Moreover, we have G C F because F' is closed and

cy € C, C F for all u € 2<N. Tt only remains to show that G cannot be covered by fewer than 280
lines. For any v = (vp)nen € {0, 1}, let

Gy =[] GNClu,...0n)-

n>0

Since Y x Z is Hausdorff, Cantor’s intersection theorem ensures that G, is non-empty. Furthermore,
if w e {0,1}Y is distinct from v, then 7y (Gy) Ny (Gyw) = 72(Gy) N7z(Gyw) = @ by (ii). It follows
that each line can only cover G, for at most one v € {0,1}, so G cannot be covered by fewer than
1{0, 1}N] = 2% lines. O

Proof of Theorem 8.2. The closure operator induces a surjection of (Y x Z)N into the set of separable
closed subsets of Y x Z, so the latter has cardinality at most |Y x Z[R0 = (280 . 20)Ro — 9285 — 9Ro_
This allows us to enumerate all separable closed subsets of Y x Z that cannot be covered by fewer
than 2% lines as (F (a))ae,{, where k is an ordinal number not bigger than the smallest ordinal number
with cardinality 2%°. By transfinite recursion, we are going to construct two injective maps

(i,7,) € {1,2,3} x {1,2,3} X K —> GEZ) €y,
(i,7,a) € {1,2,3} x {1,2,3} x K — b§3~) € Z,

such that (a%),bgz)) € F(@ foralli,j € {1,2,3} and a € k.

Let a € k and assume that we have already constructed a!® and b([j-) for all 7,7 € {1,2,3} and

Z7J Z?

B < a. Since |a| < 2%, F (@) cannot be covered by 18 - || + 18 lines by assumption. Therefore,

F(a>\({a,§fl> ‘ k,le{1,23}, 8 <a}€9{b§fl) ‘ ke {1,2,3}, 8 < a})

(2] pledy
2,7 7 7,]
for 7,5 € {1,2,3}, thereby defining al(-z) and bl(-z) as desired. Note that agg) (resp. bgc;)) is indeed

distinct from the a,(fl) (resp. bgfl)) for k,1 € {1,2,3} and 8 < a.

contains at least 9 points whose both coordinates are pairwise distinct. Denote them by (a
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Now, for all 7,j € {1,2,3}, let us set

A

5= {ag’(z) ’ a€EkR, ke {1,2,3}} and B; = {b,(f]) ‘ a€ER, ke {1,2,3}}.

By injectivity, the sets A, AS, A3 (resp. BY, B, BS) are pairwise disjoint. Thus, setting

A= A3, Ay:=A3,  and  Ayi=Y )\ (ASUAS) = AU (AS U AU A3,
By =B}, By:=B, and By:=2Z\(BSUBS) =BU(BSUBSUBSYL,

we obtain partitions {41, As, A3} and {Bj, By, B3} of Y and Z respectively. Let F' be a closed subset
of Y x Z that cannot be covered by countably many lines. By Theorem B.1, there is an ordinal

number o

(a5, 5(5)

[Borsd]

[Bor92]

[Bra24]
[Can97]

[CCO00]
[Col71]

[Dug10]
[Eng89]
[HBYY]

[Hun35]
[Jec67]

[Kec95]

[Kur72]

€ k such that F(® C F. Then, for any i, € {1,2,3}, F N (4; x Bj) contains the point

by construction. O
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