TWISTED ARTIN-SCHREIER THEORY I:
(Cp x Cp—1)-EXTENSIONS OF LOCAL FUNCTION FIELDS

BERANGER SEGUIN

ABSTRACT. Over any field K of characteristic p, we parametrize the (Cp x Cp_1)-extensions
of K using pairs of elements (g,a) € K x K*, via a “twisted” variant of Artin—Schreier the-
ory. Focusing on the case of the local function field K := Fq((7)) over a finite field Fq of
characteristic p, we use this parametrization to obtain an exact formula for the count of all
(Cp x Cp_1)-extensions of K with a given discriminant.
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In the whole paper, we fix a prime number p. The cyclic group of order n is denoted by
Cp :=Z/nZ.

1. INTRODUCTION

The cyclic group Cp—1 =~ F) acts on the cyclic group C, ~ F) by scalar multiplication.
Let Cp x Cp—1 be the semi-direct product associated to this action (the one-dimensional affine
group over IF},), and let w: C}, x Cp—1 — Cp—1 be the canonical surjection. In this paper, we are
interested in the description of all (C), x Cp,—1)-extensions of a fixed field K of characteristic p,
and specifically in the distribution of their discriminants when K is a local function field over
a finite field of characteristic p. For us, the word “extension” is understood in a broad sense,
cf. Definition 2.1, but it in particular includes Galois field extensions having C, x C},_1 as their
Galois group.

1.1. Context and previous work. For a fixed finite group G and a fixed field K, the problem
of counting G-extensions of K ordered by discriminant has a long history:

e When K is either a number field or a global function field and G is an abelian group whose
order is not divisible by the characteristic of K, this problem was solved using class field
theoretic methods in [M&k85, Wri89, Woo10).

e The case of non-abelian groups G over a number field K is the subject of a well-studied
conjecture of Malle, see for example [Mal02, AOWW25, LS24].

e When K = Fy(T) is a rational function field over a finite field whose characteristic does
not divide |G| (the “tame case”), an approach via the cohomology of moduli spaces of
tamely ramified covers of P! (Hurwitz spaces) has culminated in an essentially complete
solution for large ¢, cf. [ETW23, LL25b, San25]. This approach also yields results on the
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2 TWISTED ARTIN-SCHREIER THEORY I

distribution of the coprime-to-p part of class groups of function fields of characteristic p,
cf. [EVW16, LL25a], [LL25b, Theorem 1.3.2], and [SW26].

e When K is a (local or global) function field of characteristic p and G is a p-group (the
“purely wild case”), explicit parametrizations based on generalizations of Artin—Schreier
theory together with class field theoretic tools have led to recent progress, cf. [Lagl2,
Laglh, Pot26, Gun26, GS25, GS26].

The motivation behind this paper is to study an example in the “missing case” over function
fields of characteristic p, in which both tame and wild ramification can occur, i.e., the case
where G is neither a p-group nor a group of order coprime to p. The group C), x C),—_1 is still
nice in several ways: it has a unique p-Sylow subgroup (a property that it shares with both
the purely wild and the tame case), and it is solvable. It is therefore a natural first step in the
direction of general groups.

Although this paper discusses local function fields, asymptotic results over global (in fact
rational) function fields will follow in a sequel paper,! using much of the results obtained here.

Previous work about similar local counting questions includes [Miil22, Theorems 3.17 and
3.18], [KM26, Theorem 1.1], and [TY26, Theorem 3.2]. Kliiners and Miiller count by discrim-
inant and give asymptotic counts, whereas Tavernier and Yasuda count by ramification jump
and give exact counts. In this paper, we give exact counts for the (C, x Cp_1)-extensions of
local function fields of characteristic p when counting by discriminant (Theorem 1.1).

It should also be mentioned that moduli spaces of wildly ramified covers of curves with similar
Galois groups have been studied, notably in [OP10, Zhal9, TY20] and in [TY26, Subsection 3.2].
The geometric description of these moduli spaces could be relevant for counting questions, in
the spirit of the geometric approach to the tame case from [ETW23, LL25b].

1.2. Twisted Artin—Schreier theory. In Theorem 3.3, we describe a bijective parametriza-
tion of all the (C), x C)p—1)-extensions of any field K of characteristic p. Compared to inductive
approachs in which one first constructs a C),_j-extension K (a))|K and then uses Artin-Schreier
theory over K(«) to parametrize the Cp-extensions of K («) (cf. [KM26]), this direct descrip-
tion shortcuts the need to determine which extensions have the desired Galois group. Moreover,
extensions are directly parametrized by elements of the ground field K.

By Kummer theory, any C,_;-extension of K is induced by some element a € K*, cf. Sub-
section 2.2. Once such an element a € K* is fixed, our parametrization of the (C, x Cp—1)-
extensions lying above the C),_1-extension associated to a relies on a twisted variant of Artin—
Schreier theory, in which the Artin—Schreier map g: « +— 2P — z is replaced by the (F,-linear)
twisted Artin—Schreier map

Pa: x— 2P — ax.

A large portion of this article is dedicated to the study of the map g, of its image, and of the
quotient K /p,(K) when K is a local function field x((7)) with finite (or at least perfect) residue
field k (Sections 4 and 5).

The importance of the quotient [F,-vector space K/pq(K) is that it parametrizes the (C), x
Cp—1)-extensions of K lying above the C)_j-extension of K associated to a. Specifically, if a €
K* and g € K are fixed, if @ € (K*P)* is a (p — 1)-th root of a, and if v € p,'(g) (i.e.,
if v € K*P is a solution to the equation v — ay = g), then we obtain a continuous group
homomorphism

p: T K — Cp X Cpfl
o <T(w;—'y7 %)

and all continuous group homomorphisms p € Hom(I'ir, C), x Cp,_1) are obtained in this way
for some choice of a, g, a and ~. In Theorem 3.3 and in Subsection 3.3, we describe the exact
conditions under which different choices of @ and g (and then of « and 7) lead to the same p
(either exactly, or up to conjugacy).

IThat is, if no Al-fanatic scoops me to it.
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Equivalently, letting x, € Hom(I'x,[F)’) be the Kummer character associated to a € K*
(Definition 2.10), the elements of K/p,(K) correspond to the elements of the cohomology
group H!(T'k,F,) for the non-trivial action 7.4 = x.(7)p of 'k on Fp, cf. Equation (3.2).
Hence, the problem of describing the asymptotic distribution of these cohomology classes fits
into the landscape of the “twisted Malle conjecture” for the first Galois cohomology group of
number fields introduced by Alberts in [Alb21] (see also [AO21, AOWW25]). What we are
studying is a function field analogue of that problem, in a situation with wild ramification.

1.3. Main result. When K is a local function field, for each a € K*, we describe in Theo-
rem 4.4 distinguished choices of representatives in K of each coset in K/p,(K), analogous to
the fundamental domain used in ordinary Artin—Schreier theory, cf. [Pot26, Proposition 5.2(b)].
When an element g € K is such a distinguished representative of its coset (it is “reduced”),
the discriminant of the (C), x Cp_1)-extension of K associated to the pair (g, a) is computed in
Theorem 4.8. By counting distinguished representatives, we are then able to give exact counts
for the number of (C), x Cp_1)-extensions of the local function field K = F4((7)), ordered by
their discriminant exponent ¢ (defined in Definition 2.5):

Theorem 1.1 (Theorem 5.6). Let K = Fy((7)). For any x € R>g and any u € {0,...,p — 2},
define the following numbers (cf. Definition 5.1 and Lemma 5.7)

_z—plp—1)+gedlp—1,u) pu
) = (p—1)? p—1

—00 ifz<plp—1)—pged(p—1, u)

Ny(z):=<{0 if p(p—1) —pged(p—1, u) <z <p(p—1) —ged(p — 1, u)
wt ()] = 22| it e > p(p—1) — ged(p— 1, ).

Then, for any x € R>o, we have the total count

1 p—2
m‘{p € HOI’H(FK,CP X Cpfl) ‘ (5([0) < .’E}} — Z qNu(x)

and, for p # 2, we have the following counts for surjective (resp dihedral) extensions:

1 surj e(ged(u,p— 1)) (@
Ll € Hom( o) | () 2} = 5 28 21 (v _y)

u=
1 No( 1 Np,l(%a:) 3

7x)_|_qT _ —

1 ;
%Hp € Hom*™(T'g, D,) | 0(p) < z}| = 5

where ¢ denotes Euler’s totient function.

We refer to Remark 2.2 for an explanation of why we count extensions in this way. See also
Proposition 5.4 for a fiberwise version of the local counting result.

A consequence of Theorem 1.1 is that for fixed p the number of (C, x Cp,_1)-extensions
of Fy((m)) with bounded discriminant is a polynomial with coefficients in Z>( in the size ¢ of the
residue field. The values of the exponents N, (x) are discussed further in Subsection 5.3: the
key takeaway is that Ny (x) ~ ﬁ. The concrete example of G3-extensions in characteristic 3

is detailed in Example 5.10, giving the following exact formula when ¢ is a power of 3:

) 1 ifr=0o0rz=3

6\{p € Hom(T'g, (), ©3) | d(p) = x}[ =<0 if (r mod 12) € {1,2,4,5,6,9,10,11}
glsl —¢l8]=1 if 2 > 6 and (z mod 12) € {0,3,7,8}.
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obvious. Eight months later, how rare this seems to have become!) All mistakes (mathematical,
grammatical, or otherwise) are fully mine, and hence purely human.

2. PRELIMINARIES

2.1. Definitions. For any field K, let K*P be a separable closure of K, and let ['x :=
Gal(K*®P|K) be the absolute Galois group of K equipped with the Krull topology. All fi-
nite groups are equipped with the discrete topology. For any two topological groups I', G,
the notation Hom(T', G) refers to the pointed set of continuous group homomorphisms I' — G,
and Hom®" (T, G) is the subset formed of surjective continuous group homomorphisms I"' — G.
Similarly, if I' acts on G via group automorphisms, the pointed sets H'(I',G) (if G is abelian
or if i € {0,1}) are meant in the sense of continuous group cohomology, and are abelian groups
when G is abelian.

2.1.1. Eztensions. Let G be a finite group, and let K be a field. We use the following notion
of extensions:

Definition 2.1. A G-extension of K is an orbit [p] of continuous group homomorphisms p €
Hom(T ¢, G) under the conjugation action of G, i.e., an element of the pointed set H'(I'x, G)
for the trivial I"g-action on G.

If G is abelian, G-extensions of K are simply continuous group homomorphisms from I'c (or
from I'%P) to G.

There is a correspondence between G-extensions of K and specific |G|-dimensional étale
K-algebras with an action of G, cf. [GS25, Lemma 2.1]. Those include the Galois field ex-
tensions L|K with an isomorphism Gal(L|K) ~ G (the case of surjective group homomor-
phisms p € Hom®™(I'k, G)), but also the étale K-algebras L& with Gal(L|K) ~ H for a
subgroup H C G (the case im p ~ H). For instance, the trivial homomorphism corresponds to
the étale K-algebra Kl (the ring of maps G — K) on which G acts by permuting the factors.

Remark 2.2. Let ¥ C H'(T'k, G) be finite. The “correct” way to count G-extensions of K in ¥
is to consider the groupoid cardinality, i.e., to weight each extension [p] by the inverse of the
size of its automorphism group (the automorphism group of [p] is the automorphism group of
the corresponding étale K-algebra, which coincides with the subgroup of elements of G acting
trivially on p by conjugation, i.e., the centralizer of im p in G, cf. [GS25, Lemma 2.1]). By the
orbit—stabilizer theorem, we have

L _ 1 G 1 / o
[l%mw_m[gzw_m[gz‘{f) € Hom(I'x, G) } 4 —[,0]}‘

= |é!|‘{p € Hom(T'k,G) | [p] € £}

2.1.2. Inertial types. Let K be either a local or a global field, and let K"* C K%P be the
maximal unramified extension of K. (If K is a local field, then I'kur is the inertia subgroup
of I'.) Let G be a topological group on which I'c acts trivially.

Definition 2.3. A G-extension [p] € H'(I'x,G) (resp. a homomorphism p € Hom(['g, G)) is
unramified if p(Tgu) = 1. We let H (T, G) € H' (T, G) and Homy (T, G) € Hom(I', G)
be the pointed subsets consisting of unramified extensions/homomorphisms.

We have H. (Tx,G) = H (Gal(K"|K),G) and Hom, ([, G) = Hom(Gal(K™|K), G).

Definition 2.4. For any G-extension [p] € H!(['g,G) of K, the inertial type of [p] is the
element [p|r,u] € H(Dgur,G) obtained via restriction to I'guwr. We denote by Z(K,G) the
pointed subset of H!(I'xur, G) obtained as the image of H' (', G) under the restriction map.

When G is abelian, H'(I'xr, G) = Hom(I'i, G) is an abelian group, and

I(K,G) ~ Hom(T', @) /Homur(FK,G).
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2.1.3. Local last jumps and discriminant exponents. Let K be a local field with perfect residue
field. For any real number v > —1, let I'};. be the v-th ramification subgroup in the upper
numbering, cf. [Ser62, Chap. IV, §3]. These higher ramification subgroups form a non-increasing
filtration of ' by normal subgroups. Here are some of their properties:

° F[_(l is all of '

e for any v € (—1,0], 'Y = I'% is the inertia subgroup

e for any v € (0,1], I'Y, = I'k- is the wild inertia subgroup (the unique pro-p-Sylow subgroup

of T'%,)
* N>k =1

Definition 2.5. Let G be a finite group, and let p € Hom(I'x, G). The last jump of p is the
nonnegative rational number

1
lastjump p := inf {v € Q¢ | p(I'y) =1} € ‘—ZZO.

G|

and the discriminant exponent of p is the nonnegative integer

+o0 1
:‘G’/l (1—|p(FUK)‘>dU eZZO.

Both the last jump and the discriminant exponent depend on p only up to G-conjugation, and
depend only on the restriction of p to the inertia subgroup I’?( (we have I'), = Fg( for all —1 <
v < 0). Hence, these invariants are well-defined at the level of G-extensions [p] € H'(I'g, G)
(cf. Definition 2.1), and at the level of inertial types [p] € Z(K, G) (cf. Definition 2.4).

The last jump of p vanishes if and only if p is at most tamely ramified (i.e., p(I'},) = 1), and the
discriminant exponent vanishes if and only if p is unramified (i.e., p(I'%) = 1, cf. Definition 2.3).
If p is at most tamely ramified, then I'Y, = 1 for all v > 0, and I'}, = I'%. for all v € (—1,0], so
5(p) = |G|(1 — L) where e = |p(T%)|.

The following proposition relates J to relative discriminants in the usual sense:

Proposition 2.6. Let L|K be a finite Galois extension of local fields, and let G := Gal(L|K).
Regard L as embedded in K3P, and let p € Hom®"(I'x,G) be the (surjective) continuous
homomorphism corresponding to the action of ' on L. Let dp i be the relative discriminant

of LIK (a nonzero ideal of O, cf. [Ser62, Chap. II, §3]). Then, vk (0 x) = 0(p)-

Proof. By [Ser62, Chap. III, §3, Prop. 6], we have 01 = Ny (D k) where Dy C O is the
different of the extension. Hence:

1 [L: K] G|

o) = vk (Npgre (D p1)) = ——op (N @) = 20y @400 = 1L v @150,
€LIK €LIK CLIK
Moreover:
—+oco
v (D) = Z<|G" — 1) by [Ser62, Chap. IV, §2, Prop. 4]
i=0
+o0
:/ (|Gt|—1) dt as Gy = Gy
-1

+oo
= / (]GS\ )[GO G*]ds with s = ¢k (t), cf. [Ser62, Chap. 1V, §3]

+o0 1
|G0‘/ \GS €L|K'/_1 (I_W) ds. O

Remark 2.7. If L|K is the étale K-algebra corresponding to some p € Hom(I'x, G) (not neces-
sarily surjective), then L is isomorphic to the product of [G : im p| copies of the Galois extension
L' := (KsP)kerr of K, of Galois group imp, so v (dp ) = [G : imp] - vk (0 i) in the sense
of discriminants of étale algebras. If we let p € Hom®"(I',im p) be the corestriction of p, i.e.,
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the surjective homomorphism associated to L', we have by definition d(p) = [G : im p|d(p), and
6(p) = v (01| k) by Proposition 2.6. Therefore, we also have §(p) = vk (0 x)-

Definition 2.8. Consider a short exact sequence 1 - N — G = Q — 1 of finite groups, and
let p € Hom(I'k, G). The relative discriminant exponent of p (with respect to ) is defined as

- ._i - Sima _ +00 1 B 1 s
3" (p) == ‘Q’(a(p) IN| - ( p)) N!/_1 (‘W(M%))’ WF%)\) d
so that d(p) = |N| - d(m o p) +]Q| - 5" (p).

2.2. Reminders on Kummer theory. Fix a field K of characteristic p. We shall focus on
the Cp_1-extensions of K. (Any Cy-extension with d | p — 1 is in particular a Cj,_;-extension.)
Observe that the isomorphism Cp_; ~ F,’ holds even as Z[I'k|-modules: indeed, the Galois
action is trivial as F)¥ C K. A description of Hom(I'x,Cp—1) = H' (g, FY) is obtained by
considering the short exact sequence

c se or! se
1 — Fy — (K°P)" — (K*P)* — 1

which leads to the following exact sequence in Galois cohomology, in which H!(T' ¢, (K5°P)*) = 1
by Hilbert’s Theorem 90 [Ser62, Chap. X, §1, Prop. 2]:

or—1

1—F = K" KX — H'(I'x,F)) — 1
whence an isomorphism of abelian groups (“Kummer theory”)
Hom(Tg, Cp1) =~ K*/(K*)P~L. (2.1)
(Here, (K*)P~! is the subgroup of (p—1)-th powers in K *. This is not a Cartesian product!)

p—1

Remark 2.9. For any finite field F, the short exact sequence 1 — F SFx S (=1 51
shows that |F*| = ‘IF;‘ -|(F*)P~1|, whence

‘FX/(FX)p71| _ |( |FX|

W:’Fﬁzp—l‘

Definition 2.10. For any a € K*, we let x, € Hom(I'x,Cp—1) be the Kummer character
associated to a, given by x,(7) = 7(«)/a where a € (K*P)* is any (p — 1)-th root of a.

Lemma 2.11. For any a,b € K*, we have Xq + Xbp = Xab-

~

Proof. This follows from the fact that a ~ x, is a group isomorphism K*/(K*)P~1 =5

Hom(T'k, Cp—_1), cf. Equation (2.1).

Definition 2.12. For any valuation v of K and for any x € Hom(I'x, Cp—1), we define
invy,(x) :==v(a) mod (p—1) € Cp

where a € K* is any element such that x = x,. (This depends only on [a] € K> /(K*)P~1.)

2.2.1. Local Kummer extensions. Assume that K = k((7)) is a local function field with finite
residue field « of characteristic p, and let v be the m-adic valuation.

Lemma 2.13. Let a € K*, let u:=wv(a), and let A € k* be the coefficient of a in front of w*.
Then:

ac (KX = (p— 1|uand A € (/@X)p_l).
Proof. Use Hensel’s lemma, or define an explicit (p — 1)-th root using the power series for
1
(1+x)r-1. O
Proposition 2.14. The following map is a well-defined group isomorphism:

=: Cp_1></<;x/(/<ax)p’1 — KX/(K*)P~t
(w, [a]) — [7"al.
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Proof. If (u,[a]) = («/,[a]) in Cp_q x &*/(k*)P7L, then v/ = u + k(p — 1) for some k € Z,
and @ = pP~'a@ for some pu € k*. Then, 7¥d = (7* )P~ 17uG has the same image as 7"a
in K*/(K*)P~!. Therefore, Z is well-defined. It is also clearly a group homomorphism.

We now prove surjectivity. Any a € K* can be written as 7%aa’ with u = v(a), @ € k* and
a’ € 1+ m. Hence, it suffices to show that 1+ m C (K*)P~!  which follows from Lemma 2.13.

To prove injectivity, assume that 7%a is a (p — 1)-th power. Then, p—1 | u, so we can simply
assume that u = 0. The element a € £ must be a (p—1)-th power in K, so its (p—1)-th roots
must belong to K* N&EX = k%, so in fact a € (+*)P~! and then [a] = [1] in x*/(k*)P~L. O

Corollary 2.15. The map inv, induces an isomorphism I(K,Cp_1) ~ Cp_1.

Proof. By Kummer theory, we have Hom(I'x, Cp—1) =~ K*/(K*)P~! and Homy, (I'k, Cp—1) =~
Hom(T,;, Cp—1) ~ x*/(k*)P~L. The result follows by combining these isomorphisms with Propo-
sition 2.14. (We have inv,(x ug) = u (mod p — 1).) O

Let & € ' be a lift of the Frobenius automorphism o: z — z!5l of & (a topological generator
of Gal(%|k)).

Proposition 2.16. Fix u € C,—1. There is a bijection
{x e Hom(T'g,Cp_1) | invx =u} = Cpy
X — x(0).
For any x € Hom(I'k, Cp—1) with inv x = u, we have the following descriptions (as subgroups
of Cp-1)
X(Tx) = (u,x(@))  and  x(Tk) = (u).
In particular:
p—1 0 p—1
x(Tg)| = — and r Y
(T ged(u, x(0),p— 1) (Tl = ged(u,p — 1)

Proof. By Proposition 2.14, Equation (2.1) and Lemma 2.11, we have

{X € Hom(rK,Cpfl) } vy = u} = {Xﬂ'“?i { a€ ﬁx} = Homur(rK, Cp—l) + Xru

so a homomorphism y with inv x = u is equivalently given by the corresponding unramified
homomorphism X — xru = xg € Homy (I'x, Cp—1). Since Homy, (I'x, Cp—1) ~ Hom(I'r,, Cp—1)
and I'p, is topologically generated by o (the image of ), x is equivalently given by the element
Xa(o) = xa() = x(0) — xzu(7), whence the first bijection. Any 7 € I'x decomposes uniquely
as o' 7y for some 1y € F and 7 € Z (r is the image of 7 in I'p, ~ Z and 79 := o "7 is in I‘O
as its image in I'p, is tr1v1al by definition). Therefore, x(I'x) is topologically generated (and
hence generated, as Cp_; is finite) by its subgroup x(F%) and by x(c). It remains only to
show that x(I'%) is generated by u. Since x — xrv € Homy (I, Cp—1), X coincides with Y u in
restriction to I'%, so we can focus on yqu. Let g := ged(u,p — 1), d = (p — 1)/g, and v’ = u/g.
The integers d and ' are coprime, so we fix z,y € Z such that xd + yu’ = 1. Pick a d-th root «
of 7%, which is then also a (p — 1)-th root of ©*. Since subgroups of Cp_; are determined by
their sizes, it suffices to prove that K(«)|K has ramification index equal to d. Let o/ := n%a¥.
We have (o/)¥ = 7%% ¥ = o®4t9% = o, s0 K(a) = K(/), and (o/)? = 7%0a¥? = 7%z’ = 7,
so o is a root of the polynomial (o/)¢ — 7, which is Eisenstein. Therefore, K (o) = K () is a
totally ramified Cy-extension of K, so its ramification index is indeed d.

3. (Cp % Cp—1)-EXTENSIONS IN CHARACTERISTIC p

Let K be a field of characteristic p.
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3.1. Twisted Artin—Schreier theory. Let a € K*, and fix a (p — 1)-th root a € (K3P)*
of a.

Definition 3.1. The a-twisted Artin—-Schreier map is the map p,: K5P — KPP x — 2P — azx.

The map g, is surjective and [F)-linear. The kernel of g, consists of 0 together with the
(p — 1)-th roots of a, i.e., ker p, = alF,. We have the short exact sequence

0 —> aF, -S> K5 5% |ep (3.1)

Remark 3.2. The restricted map (pq)|x: K — K has kernel off, N K. Therefore, it is injective
when a € (K*)P~!, and otherwise has kernel afF, of size p.

In Equation (3.1), the term «lF, is group-theoretically isomorphic to C), (via division by «),
but the I'g-action is “twisted” by the Kummer homomorphism y,: 7 — 7(a)/a. By [Ser62,
Chap. X, §1, Prop. 1], we have H!(I'x, K5P) = 0, so we obtain the exact sequence in Galois
cohomology

0— aF,NK — K % K — H' Tk, aF,) — 0, (3.2)

whence an isomorphism H (T, aF,) ~ K/, (K). We show in the same way that H (I'x, aF,) =
0 for all i > 2. For any A\, a € (K%P)*, v € K*P, we have

Par-1a(AY) = AP — NP Lady = W, (7). (3.3)

Applying this to A = a~! yields the following equality, relating twisted Artin-Schreier theory
to ordinary Artin—Schreier theory:

pa(7) = aPpla” 1) = aap(a™y). (34)
In particular, we have the equality of fields K (o, g, '(g9)) = K(a, p 1 (a"Pg)) for any g € K.
Another consequence of Equation (3.3) is that, for any A € K>, multiplication by A induces
an isomorphism K/p,(K) = K/pxr-1,(K) of Fp-vector spaces.

3.2. Parametrization of (C), x C),_1)-extensions. We use [GS25, Proposition 2.4] to param-
etrize (C, x C,_1)-extensions in characteristic p:

Theorem 3.3. To anya € K* and any g € K, we can associate a (CpxCp_1)-extension [pgq] €
H'(T'g, Cp x Cp_1), which is the G-conjugacy class consisting of the following continuous ho-
momorphisms Iy — Cp x Cp_1:

- T(v) =7 1(e) o 1° € (K®P)* a (p — 1)-th root of a
7 ( ) ! {'y € pa ' (9)- (3:5)

)

« «

Moreover:
(i) For any [p] € HY(T'k,Cp x Cp—1), there exist g € K and a € K* such that [p] = [pg.a);
(ii) For a fived a € K*, we have [pg4] = [py 4] if and only if there exists p € F) such that

9" — 19 € pa(K).
(iii) If a, A € K* and g € K, then [pyog xo-14] = [Pg,a]-

Later, whenever we discuss conjugation-invariant properties of homomorphisms, we shall
freely refer to py . as if it were a well-determined continuous homomorphism I'x — C), x Cp,_1.

Proof. Let G := C, x Cp1 = Fp xF, let G := K x K*, and let Gser 1= K5 x (K5°P)*
(for the natural action of G, on G,), all equipped with their natural endomorphisms ¢ induced
by x + 2P on both G, and G,,. Observe that the fixed points of o are in each case exactly the
elements of G. Define an action of Ggser on itself (the o-conjugation action) as follows, for any
v,g9 € K5 and any «,a € (K5P)*:

(’77 O‘)'(g’ a) = U(’Y’ Oé)(g, a)(’Ya a)_l

2The same principle allows one to parametrize G(Fy)-extensions for any algebraic group G over F,, that can
be resolved (using short exact sequences) to factors that are all G, or G,, (or even GL,,, cf. [Ser62, Chap. X, §1,
Prop. 3]). For instance, this applies to (F; x GLxn (F;))-extensions, i.e., to affine groups of higher dimension.
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= (y" + afg,aPa)(—a "y, a7h) = (3P + aPg — P lay, o la) (3.6)
and define the multiplicative Artin—Schreier map g: Ggsep — Gsep by

p(1, @) = (7,0).(0,1) = (4% = a1y, a?71) = (par-1(7), &P 7).
The map g: Ggser — Ggsep is surjective: we obtain a preimage (v, ) of any element (g,a) €
G gser by picking any (p — 1)-th root a of a and any v € g, (g). Moreover, H*(T'x, Ggsep) is
the trivial pointed set, as it fits into the exact sequence of pointed sets in non-abelian Galois
cohomology
H'(Tg, K*P) — H' (g, Gger) — H' (Dgc, (K>P))

in which both the left-hand side and the right-hand side vanish, respectively, by the additive
and by the multiplicative versions of Hilbert’s Theorem 90, cf. [Ser62, Chap. X, §1, Prop. 1
and 2]. By [GS25, Proposition 2.4], there is a bijection between the set of o-conjugacy classes
of G (orbits under o-conjugation) and the pointed set H!(I'x,G) of G-conjugacy classes of
continuous group homomorphisms 'y — G. Explicitly, for any (g,a) € Gk, a corresponding
homomorphism p € Hom(T'k, G) is obtained by picking some (7, a) € p~!(g,a) and by defining

p(r) = (v,@)'7(y,0) = (—a~ly,a7)(1(7),7(a) = (—a" 'y + a7 1 (7), a7 7 (a))
which matches the definition of [py 4] in the statement of the theorem. This proves the main
claim and point (i).

We now prove point (ii). By the bijection described above, we know that [py.] = [pg 4] if
and only if there exist § € K, u € K* such that (d,).(g,a) = (¢’,a). By Equation (3.6), this
means in particular that P! =1, ie., pu € ), and under that assumption it is equivalent to
the equality 6P + ug — ad = ¢, i.e., ¢ — pg = pa(8). The claim follows.

Finally, point (iii) follows from Equation (3.3) (if v € p,!(g), then \y € p;pl_la()\pg)) and
from the following equalities, valid for any A € K*:

T =M Tt = and _ (@) 0
Ao o A o

To sum things up: any (C), x C),_1)-extension of K is induced by some pair (g,a) with g € K
and a € K*. Ignoring surjectivity questions, we summarize this by the field diagram

1

K(av=1, 0, (g))

T

CpxCp_1 K(apj)

Cp1
K

Recall from Equation (3.4) that K(aﬁ, o.1(g) = K(aril, p‘l(ap;—plg)).

Remark 3.4. We can also prove Theorem 3.3 by observing that any x, € Hom(I'x, Cp—1) admits
the lift poq := s o x, € Hom(I'g,Cp x Cp_1), where s: Cp—1 — C, x Cp_1 is the canonical
(homomorphic) section. Then, all lifts of x, are of the form p := X - pg . (pointwise product) for
some continuous map X : I'x — F,, satisfying the cocycle condition X(m172) = X(71)+Xa(71)X(72):
in other words, the abelian group of 1-cocycles (continuous crossed homomorphisms) ay €
ZY(Tk, afF,) acts simply transitively on the set of lifts of x,. Combined with Equations (2.1)
and (3.2), we retrieve the parametrization of Theorem 3.3.

3.3. Fiberwise parametrization in terms of homomorphisms. Consider the canonical
surjection m: Cp, X Cp—; — Cp_1. Fix a € K*, and pick a (p — 1)-th root a € (K*P)* of a.
Then, Theorem 3.3 becomes a bijection

p. (K)/K = {peHom(k,CpxCp1) | T0p=xXa}

S P (127, m). 7



10 TWISTED ARTIN-SCHREIER THEORY I

Note that the Fj-vector space p,!(K)/K also appears in the short exact sequence
0 — aF, /(K NalFy) = o, (K)/K 2% K/pa(K) — 0 (3.8)

in which oF,/(K N aF,) is trivial if a € (K*)P~!, and is oF, (of size p) otherwise. Conse-
quently, when we count homomorphisms p € Hom(I'k, C}, x C,—1) satisfying certain conditions

by counting the corresponding elements of K/p,(K), we have to multiply the counts by p
whenever a ¢ (K*)P~1L.

4. TWISTED ARTIN-SCHREIER THEORY OVER LOCAL FUNCTION FIELDS

In this section, we fix a local function field K = x((7)) with perfect residue field s of char-
acteristic p and uniformizer m, with ring of integers O = k[r], with maximal ideal m = 7O,
equipped with its (discrete) m-adic valuation v. The maximal unramified extension of K is
K" :=F((m)).

Fix a € K* and let « € (K*P)* be a (p — 1)-th root of a. Let u := v(a), and let A € k be
the coefficient of a in front of 7. If k is a finite field, Remark 3.2 implies that

if A¢ (kP!
if Ae (kP71

I

lk/pa(k)| = m

1
= |ker pa N K| = { (4.1)
b

We define the integers k := L)%IJ and k' := Lﬁ—‘ For convenience, we write down how g,
acts on valuations: for any g € K, we have

|«

=pv(g)  ifv(g) = v(g) <k -1

v(pa(g)) { =u+u(g) ifu(g) > < vig) 2k+1 (4.2)
> ifv(g)=3% < p—1|luandov(g) =k=F.

In the first case, we have p | v(pa(9)) < p(K' — 1) <u+k —1 < %, and in the second case
v(pa(g9)) >u+k+1> z%'

4.1. The image of p,. We begin with the following valuative criterion for being in the image
of pg:
Lemma 4.1. Any g € K with v(g) > 5 is in pu(K).

Proof. Since K is ultrametric complete, the following sum converges in K:

pitl_g

w ::Zaf p-1 (—g)pi.

>0

Indeed, the i-th summand has valuation p'v(g) — pi;iflu = (v(g) - %)pi + 5%, which tends

to +oo when ¢ — 400 because v(g) — 24 > 0. We have

i+l

_& i+1 _D 7
Pa(w) = a1 (=g’ —a) a7 (—g)

120 120
i+1 . i+1 .
P —p i _p -l i
=Y a (=g’ =) a T (=g =g O
i>1 i>0

The following lemma extends Lemma 4.1 slightly when p — 1 | u:

Lemma 4.2. Assume that p—1|u, sou = k(p—1). Then, an element g € K with v(g) = pk
is in pq(K) if and only if the coefficient g, of g in front of 7Pk belongs to pa(k).

In particular, if » is algebraically closed or if & is finite and A & (k*)P~! (cf. Equation (4.1)),
so that pa(k) = k, then any g € K with v(g) > pk is in pq(K).
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Proof. It g = p,(y) for some y € K, then by Equation (4.2), we must have v(y) = k. In terms
of @ := m"a, g := 7 P*g and 7 := 7y, which all belong to x* + 7O, the equation g = g4 (y)
becomes g =yP —ay (we have k +u =k + (p — 1)k = pk). By Hensel’s lemma, this separable
equation in the variable § € O has a solution if and only if it has a solution modulo 7O, i.e., if
and only if the coefficient gy = g € £* is in pg(K). O

4.2. Local fundamental domain. Assume that x is finite.

Definition 4.3. Define the following s-linear subspaces of K = k((7)):

. F! ifa & (Kx)p_l
Fl = @ kT and Foi= { “
a a pk /A x\p—1 — _u_
i 2 kPP @ F ifae (K*)P k I-
Theorem 4.4.
(i) Bvery pq(K)-coset in K intersects F,
(ii) We have
0 if a g (K¥)P~1

d o(K)NF, =0.
pa(k)TP* if a € (K*)P~1 o Pa(K) N 7

o (K)NFy = {
(iii) The map Fg 5K - K/pa(K) is an Fp-linear isomorphism if a ¢ (K*)P~!, and
otherwise is a surjection with kernel p(k)wP*. This can be summarized as
Fo = F, if a ¢ (K*)P~1
K puti) =
Ra (H/@A(,{)%Pk@fg if a € (K*)P~1L.

Proof. To prove (i), we prove by decreasing induction on the valuation v(g) that any g € K
lies in Fy + pa(K). First, by Lemma 4.1, if v(g) > 24, then g € po(K) C Fo + pa(K).
Now, assume that v(g) < -2 and that any h with v(h) > v(g) lies in 7y + pa(K), and write
g= gv(g)wv(g) + g where g,(,) € £* and v(g) > v(g). If v(g) = 75 and a ¢ (K*)P~1 then by
Lemma 4.2 we have g € pq(K) C Fo + pa(K). If ptv(g), or if v(g) = %5 and a € (K>*)p—t
then gv(g)wv(g) € Fa, and g € F, + pq(K) by the induction hypothesis, so g € Fu + pq(K).

Assume now that p | v(g) < 2, and write v(g) = pi with i < -*5. We have

909" = (07 (9u(e))7")" = 0a (07 (9u(g))7") + a0 (o))"
and v(aoc ™ (gy(g))m") = u+i> (p—1)i+i = pi = v(g), so
9 = Qa (U_l(gv(g))ﬂ-i) + ao-_l(gfu(g))ﬂ'i + g € Fa+ @a(K)‘

Epa(K) €Fa+pa(K) by the induction hypothesis

To prove (i), assume that x € K* is such that p.(z) € Fo \ {0}. If v(z) < %3, then
by Equation (4.2) v(pa(z)) = pv(x) < [% is divisible by p, which is impossible for elements
of Fo. If v(z) > 501> then v(pa(z)) = u +v(z) > 7% which is again impossible for non-zero
elements of F,. Therefore, v(z) = %3, so p—1 | u and v(x) = k. The inequality v(pa(z)) = pk
with pq(z) € F, \ {0} implies that p,(x) € x*7P*, which is only possible if a € (K*)P~!, in
which case k*7P* C F,. Finally, by Lemma 4.2, we have x7P* N g, (K) = pa(x)7P*. That
pa(K) N F, =0 easily follows.

Finally, (iii) is a direct consequence of (i) and (ii). O

4.3. Computation of discriminants. By Proposition 2.16, the extension K («)|K has rami-
fication index

p—1
_ ' 4.3
‘ ng(p - 17 u) ( )
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Therefore, v (o) = evk, and
1
5(Xa):(p—1)<1—e>:p—l—gcd(p—l,u) €{0,...,p—2}. (4.4)
Definition 4.5. For any g € K, we define §(*)(g) := 6™!(p,4) (cf. Definition 2.8 and Theo-
rem 3.3), so that 3(pga) = pd(xa) + (p — 1)6@(g).
Lemma 4.6. For any g € K, we have

(p— 1)(lastjump Pg.a + l) =(p— 1)(lastjump Pg.a+ 1) —0(xq) if lastjump pgq >0

e

5@ (g) = {0 if lastjump py, = 0

Proof. By definition:

+oo
5(a>(g):p/l (1_W> dv—p(l—%).

If lastjump pg o = 0, then py, is tamely ramified, so |pg.q(I'%)| equals e for v € (—1,0] and 1
for v > 0, and then §(*)(g) = 0. Assume now that lastjump Pga > 0, s0

ep if —1<v<0
1pg.a(T%)| = ¢ p i 0 < v <lastjump pyq
1 if v > lastjump py.q

1 1 1
(@ () = (1= = ; 12V (1=
8'“(g)=p (1 (1 ep) + lastjump pg 4 (1 p) (1 e))
. 1 1 ) 1
=p <1astjump Pg,a T+ e> (1 - p) =(p-1) <1astjump Pg.a + e) .

The remaining equality comes from the fact that % =p—1—0(xq), cf. Equation (4.4). O

whence

We will need the following classical fact about the ramification filtration in the upper num-
bering, for which we did not find a direct reference:

Lemma 4.7. For any v > 0, we have I'Y, = F%’(

a)’
Proof. 1t suffices to prove that for any finite Galois extension L|K containing K («) we have

Gal(L|K)" = Gal(L|K(a))*. Since K(«a)|K is at most tamely ramified and v > 0, we know
that Gal(L|K)" C Gal(L|K(«)), s

Gal(L|K)" = Gal(L|K)’ N Gal(L\K( ) as Gal(L|K)" C Gal(L|K(«))

= Gal(L|K)y, () N Gal(L|K(a)) by definition, cf. [Ser62, Chap. IV, §3]

= Gal(L|K (), 1 (v) [Ser62, Chap. IV, §1, Prop. 2]

= Gal(LIK () 1 (o) (e (o) 10 () [Ser62, Chap. IV, §3, Prop. 15]

= Gal(L|K (a))¥x@ix®) by definition.

The size of xq(I'%) is e if s =0, and it is 1 if s > 0 because K («)|K is tamely ramified. Hence:
v 0 v

Vi (a)k (V) = /0 m ds = /0 eds = ew. O

Theorem 4.8 (Discriminants). Let g € K.
(i) For any h € K, we have the “ultrametric inequality”

9 + 1) < (50, 51

with equality when §(9)(g) # 8@ (R), and similarly for 5(pg.q)-
(i) If h € K is such that 5 (h) = 0, then 5 (g) = 6 (g + h).
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(iii) If v(g) = 5, then §@(g) =0.
(i) If 9 (g) = 0 and ptv(g), then v(g) > %.
(v) We have the inequality

5(a)(9) < max(O, pu+ (p — 1)(1 - v(g)) o 5(Xa)>

with equality if and only if ptv(g) < 1%, or v(g) > p’%ul.
(vi) If pto(g) orif v(g) > 25 (e.g., if g € Fa), then
@(py -4 0 if v(g) > 24
") = { pu+ (p— 1)1 - v(g)) ~ (xa) if pfolg) < 24
5(ya) = { Pd(Xa) if v(g) = 24
. (p = Dpu+ (p = 1)*(1 = v(g)) +(xa) if ptolg) < 2.

Proof. To prove (i), by Lemma 4.6, it suffices to prove the ultrametric inequality for the last
jump. Fix elements v € p;'(g) and 7/ € p; (h). We have pu(y+7') = g+ h, so for any v > 0
we have (cf. Equation (3.5), and recall that y, is at most tamely ramified)

lastjump pgipq <v <= V7 €y, 7(v+7) =7 +7".

If lastjump pg o < v and lastjump pj o < v, then for all 7 € T'), we have 7(y) = v and 7(y') =7/,
so 7(y + ') = v+~ and lastjump pgip, < v, proving the inequality. Now, assume that
lastjump pg, # lastjump py, o, for example that lastjump pg. < lastjump pyp, 4, and assume by
contradiction that lastjump pg44.q < lastjump pp, . By Theorem 3.3 (ii), we have p_g4 = pg.a,
so using the ultrametric inequality we obtain the contradictory inequality

lastjump pp o = lastjump py1n)1(—g)a

< max(lastjump Pg+h,as lastjump pg,a> < lastjump pp, 4.

We have proved (i). Point (ii) follows from (i) and from the bounds § > 0, §(*) > 0.
Fix v € p,1(g), and define as in Equation (3.5) the continuous group homomorphism
Pga: Tk — CpxCp
T — (L’g_v, Xa(7)>.

By Lemma 4.7, for any v > 0, we have '}, = I‘ig(a). Therefore:

. 1 .
lastjump pg.q = - lastjump(pgva]pma)).

Note that T'g () = ker xo. We define the map p: T'g (o) — Cp, 7 % =7(1)— 2, which is
the Artin—Schreier character in Hom(I'k (), Cp) associated to the element

-1
o(2)- 22y,
« ol « aP
For any 7 € TI'k(q), We have pyo(7) = 1 if and only if p(7) = 1 as x, is tamely ramified.
Therefore, lastjump(pg,a|pK(a>) = lastjump p. Combining these equalities with Lemma 4.6, we
obtain

5 (g) = {21(1 T A (45)

=~ (lastjump p + 1) if lastjumpp >0

and in particular §(*(g) € Zsq. It remains to compute the last jump of p. In K(a), the
element o Pg has valuation

—p N _ VK (a) _ —peu
VK (a)(aPg) = *Pﬁ + VK (a)(9) = p—1 + ev(g).
Note that =5 is an integer (namely _——5) so p| —25. Moreover, elp— 1 so p { e. Therefore,

p divides vg(q)(a™Pg) if and only if p divides v(g). Note also that vi () (aPg) < 0 if and only
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if v(g) < %. The last jump of Artin—Schreier characters is computed in [Has34, p. 42] or
[Tho05, Proposition 2.1]: we have

lastjump p < max(0, —vK(a)(oz_pg)) = max <O, ppiul — ev(g)) (4.6)
with equality if and only if vg(q)(a™Pg) > 0 or p { vg(a)(a™Pg), i.e., if and only if v(g) > %
or pfo(g).

If v(g) > ;% then lastjumpp = 0 by Equation (4.6) so 6(®(g) = 0 by Equation (4.5),
showing (iii). If pt v(g), then we have the equivalences (cf. Equations (4.5) and (4.6))
pu
1
pu

proving (iv). (We cannot have v(g) = ;5 as otherwise p — 1 | u and then p | v(g).)

5@ (g) =0 <= lastjumpp =0 <= v(g) > P

We now prove (v).
Assume first that 6(*)(g) > 0, which by Equation (4.5) amounts to lastjump p > 1. We have

-1 - —1
5)(g) = F——=(tastjump 5+ 1) < F—= + max(0, pu— (p — Do(g)
Recall that 21 = ged(p—1, u) = (p—1) —d(xa). By (iii), since 6 (g) > 0, we have v(g) < 2
so max(0, pu — (p — 1)v(g)) = pu — (p — 1)v(g) and then
61(g) < pu+(p — 1)(1 — v(9)) — (xa)

>0

with equality if and only if we have equality in Equation (4.6). This shows (v) in this case.
(The case v(g) = 2 never occurs in this case by (iii).)

Now, assume that 6(*)(g) = 0, which by Equation (4.5) is equivalent to lastjump p = 0. The
inequality is obvious in this case, so we focus on the equality case. We have equality if and only

if pu+(p—1)(1—v(g)) — 0(xa) <0, if and only if v(g) = 1+ 25 —%f‘i) = —1—% If

that is the case, we clearly have v(g) > p“ . For the converse, we cannot have ptu(g) < p’? il
by (iv), so assume that v(g) > 2, ie., that v(ig) >u+k+1. Ifp—1]|u, thenu=(p—1)k

and d(xq) =0, s0 v(g) > 1+ p’%“l =1+ igx‘i) and we are done. If p — 11 u, we have

pu+ (p—1)(1—-v(g)) —(xa) < pu—(p—1)(u+k) —5(xa)
=u—(p—1D(k+1)+ged(u,p—1)
=u—(p—-1)(k+1)+ged(u—(p—1)(k+1),p—1) <0.
<0
< u—(p—l)(k’+1)‘
Finally, (vi) follows directly from (iii), from (v), and from Definition 4.5. O

Proposition 4.9 (Unramified elements). Let g € K \ pq(K). The following are equivalent:
(i) 0(pga) =0

(ii) 8 (g) =0
(iii) a € (K*)P~L and g € po(K) + x*7Pk,

Proof. Adding an element of p,(K) if needed, we can assume that g € F, \ {0}, cf. Theo-
rem 3.3 (ii) and Theorem 4.4 (i). In particular, we have v(g) < 2%.
P

Assume first that 6(pg,q) = 0. Then, d(xq) = —%5(“)@) is divisible by p — 1, so p —1 | u,
e =1, 6(xa) = 0, and then 6 (g) = 0.

Assume now that §(*)(g) = 0. By Theorem 4.8 (iv), this is impossible if p t v(g), so p | v(g)
and then v(g) = ppTu as g € Fo \ {0}. In particular, p — 1 | u, so u = (p — 1)k and v(g) = pk.
Since g € F,, this is only possible if a € (K*)P~!, and then g € K*7P* C pq(K) + x*7Pk,

Finally, if a € (K*)?~! and v(g) = pk, then 6(x,) = 0 and by Theorem 4.8 (iii) we have

5@ (g) = 0, 50 8(pg,a) = Pd(xa) + (p — 1)5W(g) = 0. O
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Consequently, the Fp-linear subspace (stable under addition by Theorem 4.8 (ii))
Far={geF.| s (g) =0}

admits the description

Fur _ 0 if a ¢ (K*)P~1
“ \katk ifa e (KX)P!

A consequence is that the inverse of the inclusion map induces an isomorphism
Fol FiX = Fo= @ s, (4.7)
phi< 2y
By Theorem 4.8 (ii), §(*) is a well-defined map on the quotient space F,/F2 ~ F/. (for elements
of F,, it depends only on their projection to F,).
5. COUNTING (C) x Cp_1)-EXTENSIONS OF LOCAL FUNCTION FIELDS

The setup is similar to Section 4: we fix a local field K = k((7)) and use the same notations.
We also assume that the residue field « is finite, and we do not fix an element a € K * beforehand.
We let 7: C), x Cp—1 — Cp—1 be the natural surjection.

5.1. Fiberwise counts.

Definition 5.1. For any u € Z and any = € R, define

rel xr — ng(p - 1) u) pu rel . p TZ
= - d N, = Z ,
M () p—1 p—1 o u (@) LE —nrl(z) <i < 2
and set by convention that N (z) = —oo if # < 0. Define also
(0) iz, (21 —d@ -1 W)} c-plp-D+gedlp-1w)  pu
Tu\T) = T p—1 (p—1)2 p—1
and

Ny(z) = Nrel(x —p(p— 1—ged(p—1, u)))
w(T) =T .

We have
—00 if z <p(p—1)—pged(p—1, u)

i€z pti
_nu(x)§1<;ﬁ

Lemma 5.2. Fiz an element a € K*, let u := v(a), and fix an element g € K satisfying
v(g) > % orpto(g) (e.g., g € Fa). Then, for any x > 0, we have the equivalences

N =
u(@) € Z>p otherwise.

5@ (g) <z <= v(g) > min (pp_Ur —77261(95)>

S(ppa) < = vlg) 2 min( L o)

Proof. By Theorem 4.8 (vi), we have §(*)(g) < x if and only if either v(g) > 2% or

Z 0T
pu+(p—1)(1 = v(g)) — 6(xa) < @
= putp-1)-p@-1vlg)-(p-1-gedlp—1,u) <z
pu x—ged(p—1, u)
p—1 p—1
The first claim follows. The second claim follows from this, cf. Definitions 2.8 and 4.5. U

= v(g) >
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Lemma 5.3. For any x € R>¢ and for any a € K*, we have

Hp € Hom(I'g, Cp x Cp_1)

e A AL

Proof. By the observations of Subsection 3.3, we have

TFO,OZXQ}‘_ p-‘{[g]EK/pa ’5 IEH if a & (K*)P,

{peomiei e | 730720 = {91 € K /0ux) | ¢ ><ﬂf}\ tae (R

If a ¢ (KX)P7!, then K/p,(K) ~ F, = F,, and the claim follows. Assume now that a €
(K*)P~L. By Theorem 4.4 (iii), we have

K/pa(K ( /pA )ka@}—c/z
and |k/pa(k)| = p by Equation (4.1), proving the claim. O

Proposition 5.4 (Fiberwise count). For any a € K* and for any x € R, letting u := v(a) and
using the convention that |k|”°° = 0, we have

TOoOp =X N;el
{p S Hom(FK7CP A Cp—l) 5rel(p) < ;} = p|’%’ (=)
Top=x N
'{p € Hom(I'g, Cp x Cp_1) 5(p) < xa} = plk| (z)
Proof. If z > 0, we have
HpGHom(FK,CpNCpl) grs(p) XGH =p- HgE]—" ‘ sa <x}‘ by Lemma 5.3
—p-|{g€ 71| vlg) = min(2, ()}
by Lemma 5.2
= p[/i]Nrel by definition of F,.
If 2 < 0, the conventions N'®'(x) = —oo and |x|™* = 0 ensure that both sides are zero, so the

formula still holds.
The second claim easily follows as we have the following equivalence, for any x € R and for
any p such that 7o p = x, (cf. Definition 2.8, and compare with the definition of N, (z)):

z—pi(xa) _«—p(p—1-gedlp—1 u)
p—1 p—1 '

5(p) <z = "(p) < O

Remark 5.5. The formulas in Proposition 5.4 depend on a only in the form of its valuation u =
v(a), i.e., the distribution of the discriminants of the local (Cp x Cp,_1)-extensions lifting a given
Kummer C),_;-extension only depends on the inertial type of that Kummer extension. This is
analogous to the phenomenon described in [GS26, Theorem 1.3].

5.2. Total local counts. Summing over all possible characters xy € Hom(I'x, Cp—1) yields an
exact formula for the total count of (Cp x Cp_1)-extensions of the local field K = k((7)) of
discriminant exponent < z, for any x € R>g. To illustrate the generality of the claims and
methods, we include counts for the surjective homomorphisms (corresponding to Galois field
extensions L|K with an isomorphism Gal(L|K) ~ C}, x Cp_1) and dihedral D,-extensions (with
D, =Cy,xCy~Cpyx % »—1) when p # 2:

Theorem 5.6. For any z € R>g, we have the total count

1 p—2
oy o € HomlCie: Gy 2 Gy | ) < )| = 3 o™
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and, for p # 2, we have the following counts for surjective (resp. dihedral) extensions:

1 surj plged(u,p = 1)) (| Nu(w)
MHPEHOIH Tk, Cp» Cpa) | 0(p) <z} = ; ged(u,p — 1) (|H| _1)
if p£2
1 . 1 (Btz) 3
%HpEHOHl J(FKaDp) ‘ 5(p) Sx}| _ 5’FL‘NO(I’Q + |k p 1 -3
if p£2

where ¢ denotes Euler’s totient function.

Proof. We first deal with the first claim, counting all extensions. We have

e

WOP:Xawu}'

[{p € Hom(T'g,Cp x Cp_1) | 0(p) < z}|

= Z Hp € Hom(I'g, Cp x Cp_1)
XEHom(FK,Cp 1)

DS

6(p) <w
u=0 [a)eFy /(Fy )P~

{p S HOm(FK,Cp X Cp_l)

by Equation (2.1) and Proposition 2.14

= Z Z p|,q|N“($) by Proposition 5.4
u=0 [a)eFy /(FX)

=pp—1)- Z |H|Nu(r) by Remark 2.9.

Assume that p # 2. We now explain how to adapt the argument above to count only
surjections. First, the bottom Cj,_;-extension x € Hom(I'k,Cp—1) must be surjective. For
any fixed v := invy € {0,...,p — 2}, via the bijection of Proposition 2.16, this amounts to
picking an element A € C,_; such that ged(u,\,p — 1) = 1: the number of such X is the

number of A € {0,...,p—2} that are coprime to ged(u, p— 1), i.e., this is ﬁh times more
than p(ged(u, p —1)):
—1
xeCyy | (u\ _PT (ecd(u, p—1)).
[{3€ G | (d) = G} = P ——splaed(u, p = 1)

Consequently, in the computation above, instead of multiplying by |IF; /(Fy )p_l‘ = p—11in the
last step, we should only multiply each summand (for a given u) by the quantity above. Then,
we must also ensure that the Cp-extension on top be of degree p, i.e., non-trivial (since p is
prime, there are no other options)—once we have already made sure that the Kummer C),_;-
extension Y, is surjective, then y, is non-trivial as p # 2, so we are in the case “a € (K*)P~1" in
which F, ~ F,. Therefore, excluding the trivial Cp-extension is the same as excluding the trivial
clement of F7,.® Reproducing the proof of Proposition 5.4, we obtain p(|x|V*(*) —1) choices for p
in the fiber above a fixed y € Hom®" (T, Cp—1). With these changes, the computation above
becomes

p—2
surj p—= Ny (z
o & Hom®™ (T, Cy 1 Cyer) | 8) < | = 32 Soe=rgyeedus = 1) (e “-1)

3What we are saying is that this Cp-extension (above a ramified Cp_1-extension, such that the full extension
is a (Cp x Cp—1)-extension) is trivial if and only if it is unramified; this can be shown directly using the fact
that the inertia subgroup must be normal in the Galois group when u # 0, and the fact that the residue field
extension must be cyclic when u = 0.
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= gcd u, p— 1)

and the second claim follows. The case of dihedral extensions is treated similarly: the Kummer
Cp—1-extension must have its image equal to 1‘%1 »—1 =~ Ca, so either u = % and then \ is
picked freely in {0, & } (2 choices), or u = 0 and A = %. As above, the condition that the

C)p-extension on top be surjective amounts to it being non-trivial, which amounts to it being
unramified. Note also that the discriminant exponent of p as a Dp-extension is % = %
P

times its discriminant exponent as a (Cj, x C,_1 )-extension. Therefore, we get p(|r|™™ T )
choices in each fiber. The total count is then

[{p € Hom™(I'x., D,) | 6(p) < z}| = ]ﬂ\NO(Lglx) 1)+2p(]/1\ et (% K

case u=0, )\:I’Q;l case u:%, )\E{O,%}

~1). O

5.3. The behavior of N,(z). Asshown in Theorem 5.6, the number of (C), x Cp_1)-extensions
of Fy((m)) with discriminant exponent < x is controlled by the numbers N, (z) for u € {0,...,p—
2}. We now study these numbers.

5.3.1. Estimates. We begin with a computation of N, (z):

Lemma 5.7. For any u € Z and any x € R, we have

Néd(%): — 00 ifx <0

Nel(z) =0 if 0 <z <ged(p—1, u)
rel T

Nl (z) = u + Lnfl( )J — {Uup( )J if x > ged(p — 1, w)

Ny(z) = —o0 if z <p(p—1) —pged(p—1, u)

Ny(z) =0 if p(p—1) —pged(p — 1, u) <x <p(p—1) — ged(p — 1, u)

Ny(z) =u—+ [nu(z)] — {nul(f)J ifx>pp—1)—ged(p—1,u).

Proof. When z < 0, we have N!(z) = —oo by convention. When 0 < z < ged(p — 1, u), we
have —ntel(z) > 2, S0 Nl(z) = 0. Assume now that = > ged(p — 1, u), so —n(z) < =g
For any real numbers a < b, we have

e i<l S

Applying this to NI°!(x) gives the result, as L%—‘ = {u—&— p%l—‘ =u+ L}%l—‘ The claims

for N, (z) follow from those for N (z). O

a<i<b

pii H:HiEZ}a<i<b}|—Hz€Z

A consequence is the “periodic” behavior of Ny (x): for any z > p(p — 1) — ged(p — 1, u) and
for any £ € Z>o, we have n,(z + p(p — 1)) = nu(x) + p, so

Nuz +p(p — 12) = u + () + pt] — V“f) MJ — Nu(2) + (p— L.

In Corollary 5.9, we shall estimate NV, (z) more precisely using the following observation:

Lemma 5.8. For all z € R, we have
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Proof. The left-hand side is p-periodic and the right-hand side is constant, so we can assume
that 0 < x < p, in which case BJ =0. Writez =k +r withk€{0,...,p—1}and 0 <r < 1.

We have ) " .
- <1‘p>“p‘ (1-3)r

which is larger than 2 (1 — 7>1 =1—1 and at most equal to =% (1 — l)0 =1-1 0O
P p P P P

Corollary 5.9. For any u € {0,...,p— 2} and any x > p(p — 1) — ged(p — 1, u), we have
=y+1 ifu=0and p(p—1)% |z

Ny(z)< =y if p(p—1) |z and (u# 0 or p(p — 1)? t x) Wherey:ﬁ—l.
e {ly),[y]} otherwise PP

In particular, for a fived x, N, (x) takes at most two values (differing by 1) when u varies.

Proof. By Lemma 5.7 and Lemma 5.8, for some € € [-1 + %, 1— %}, we have

No(2) = u + (1 - 110)17“(:6) be

—1/z—plp—1 —1
_ua? (96 p(p )+g02d(p u) - pu >+€
p (r—1)
€T ng(p - 17 U) /
=1+ + € =y+ € .
-1 —1 ~— ~—
p(p ) L(p,_)/ E[—H—%,l—%] e(—1,1]

€(0,7]

Since N, (x) is an integer, this implies that N, (x) = |y] +1 (if 0 < &’ < 1) or that Ny,(z) = |y|
(if =1 < ¢’ <0). If y is not an integer, then |y] + 1 = [y] and we are done, so assume that

p(p—1) | z. If u # 0, then % < % so ¢ < 1 and Ny(z) = y + 1 is not possible so

Ny (z) =y and we are done, so assume that u = 0. We have z = p(p — 1)(y + 1) and thus

_pp-Dy+1)—pp-1)+p—-1 py+1) y+1
() = b 1) o1 TV,

SO

1 y+1]
p’

'B

+1 +1 1 +1 if there is an integer in (Y% —
Nu(z)=y+ V J - V J — {y & (1

p—1 p—1 - 5 Y otherwise.

y+1 1 y+l

p—1 p?p—1

which means that p—1 | y+1, i.e., p(p—1)? | x. Conversely, if p(p—1)? | =,
1 y+1

then the mterval (y—1 5, 27| contains the integer % = SpoTy 5O Ny(z) =y +1. O

Theorem 5.6 and Corollary 5.9 imply the following: if p(p — 1)? | > 0, then
1

— H r _ 6(p) < — |k|P@e-D — 9| k|pe D
p(p—l)‘{pe om(T, Cp x Cp-1) | 8(p) < w}| = |k[70~D + (p — 2)|s[ >

If there is an integer in the interval (
y+1]

], there is in particular an integer in the

interval (

u=0 u7#0
and if p(p — 1) |  but p(p — 1)? { x then

1 _x
o=y P € Bom(Tie. Gy ¢ Cpoa) [ 8(0) < )| = (p = 1)l 07

In general, whenever p(p — 1)2 {2 > p(p — 1), we have

=z 1 =z
(o=l 557 < o € HomT, €y 1 Cyr) | 0(0) < 2] < = 176507
p\p—
and similar estimates are obtained for surjective homomorphisms. For dihedral extensions, the

_x ; T
term s N the exponents is to be replaced by TR
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5.3.2. Visualizations. We are going to draw visualizations of N, (z) for 0 < u < p—2 (rows) and
p(p—1)2 <z < 2p(p—1)? (columns), i.e., over an entire period. The topmost row corresponds
to unramified Kummer extensions (u = 0). In these visualizations, darker shades of gray will

indicate smaller values (the black on the left is [I’(%})Q - 1J = p — 2, the white on the right
is(p—2)+(p—-1)=2p—3).

In each individual row (for a fixed u), the value of N, (z) increases p — 1 times over a period:
in general, the consecutive “jumps” are evenly spaced (at distance (p — 1)2), corresponding to
the jumps of |n,(x)] when n,(z) is an integer, except for two consecutive jumps that are twice
as far (at distance 2(p — 1)?) because of the negating effect of the term —|n,(z)/p] when n,(x)
is an integer multiple of p.

FIGURE 1. A visualization of N, (z) in the case p = 7. The values range from 5 to 11.

We can visualize the claims of Corollary 5.9 on Figure 1. Every column contains at most
two shades of gray. In the leftmost column (multiples of p(p — 1)?), the first row (u = 0) is
strictly brighter than the others. We see 6 = p — 1 regularly-spaced vertical stripes in which a
single shade is represented across an entire column (multiples of p(p — 1) that are not multiples

of p(p — 1)?).

FIGURE 2. A similar visualization for p = 17. The values range between 15 and 31.

Ezample 5.10 (G3-extensions in characteristic 3). Assume that p = 3. Then, from the corre-
sponding visualization
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x mod 12- 0 1 2 3 4 5 6 7 8 9 10 11

(u=0) EORRCORNECORNCORRCVORNCONECDNRAIRY (6] [v6] |v6] | |%6]

(u=1) [LAENIRNLARY LN ARNEAREEAS 6] V6] %] V6] 16l

and from Theorem 5.6, we deduce the following complete answer for the symmetric group &3 =
Cg Dall 02:

1 if0<2<2
2 if3<2<6
é‘{p € Hom(T'g, &3) | 8(p) < x}| = < |x|L8] + k|LE]=" it 2 > 6 and (2 mod 12) € {0,1,2,7}
21| L if 2 > 6 and (z mod 12) € {3,4,5,8,9,10,11}
2|I€|%_1 if > 6 and = = 6 mod 12.

In terms of exactly prescribed discriminants (instead of upper bounds), this becomes

. 1 ifx=0o0rxz=3

ngeIkmurK,63)}ap)=a}|: 0 if (z mod 12) € {1,2,4,5,6,9,10,11}
|/<;|L%J - |/<c|L%J_1 if x > 6 and (z mod 12) € {0, 3,7, 8}.

The congruence classes 0, 3, 7,8 mod 12 correspond to the indices of the columns in which some

cell is brighter than the cell on its left. (When it happens that several cells, say r, get brighter
in the same column, then for the discriminant exponents z in the corresponding congruence

class modulo p(p — 1)? we obtain T<|I€| L’“’—”J — |k L”(P—”J_l) instead.)
We deduce from this an exact expression for the generating function for the discriminant
exponents of Gs-extensions of K = k((m)):

1 Kl — 1)(X7+ X8 + |5 X2 + || X5
Loy X§(p):1+X3+(|| )( ||2 [kIX7)
1— X112k
p€Hom(T'k ,S3)
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