SURGERY OF GALOIS REPRESENTATIONS: MODIFYING THE
FROBENIUS ELEMENT

BERANGER SEGUIN

Proposition 1. Let K be a local field with finite residue field k, and let p: T — G be a group
homomorphism. Then, there is a bijection

{¢: Tk > G ‘ P'lix = plig } =~ Cente p(Ik),
given as ®: p' s p(7)p()~ !, where & is any ”Frobenius lift” lifting a topological generator of
FK/IK ~ Fk ~7:
1 — Ig — T'y — 7Z — 1
c +— 1

Proof. First note that Ix and ¢ topologically generate I'k: for any 7 € 'k, there is a unique
profinite integer ¥ € Z and a unique 7’ € Ix such that 7 = X - 7/. Indeed, y must be equal
to 7 mod Ix € Z, and then we must have 7 := o~ Xr.

Injectivity of @ is clear: if ®(pj) = ®(p,) = z then these (continuous) homomorphisms
coincide both on Ix (where they equal p|r,) and on o (where they equal zp(c)), so they

coincide since I'x = (7, I k).
We now check that ® is valued in the centralizer of p(Ix). Let p’ be such that p'|;, = pl1,
and let 7 € Ix. We must check that

p(r) 0(@)p(3) " = p'(3)p(3) " p(r),
~—
=p'(7)
i.e., that p/(67175) = p(6~175), but this follows from p'|1,, = plr, as Ik <T'k.
Finally, we prove surjectivity. Let z € Centg p(Ix). We define a map p’ as follows: for each

1

7 € I'k, written (uniquely) as aX - 7/ for some x € Z and 7’ € I, we let p/'(7) = (zp(d))Xp(7').
This map is well-defined, continuous, satisfies p'()p(5)~* = 2, and p'|1,, = pli,- It remains to
check that p’ is a group homomorphism. Consider two elements 71 = oX* - 71 and 7o = oX2 - 7}
of . We have Tymp = aX1TX2 . (¢7X2 . 7/ . 5X2) 7] s0

(rim) = (:p(@) P p(E 1] F)p(rh) = (20(5))° (20(8)) (G -7 - ()
and
p ()P (12) = (2p(6))" p(71)(2p(5))** p(72)
so we need to verify whether

~\\ — ~ ? ~— ~
(2p(3)) 2 p(71)(2p(0))** = p(@) > - p(11) - p(5)**,
which reduces (by continuity and an obvious induction) to checking that zp(c) and p(o) act
identically on p(Ik) by conjugation, i.e., the case xo = 1. But that case is clear:

(20(3)) "' p(11)(2p(3)) = p(3) 2" p(r1)z p(G) = p(G) " p(71)p(5). O
—

commute

Proposition 2. Let v: Ix — G. Then
3p € Hom(Tg, G), t = plr, <= 3g € G,V7 € I, v(o15 ') = gu()g™!
Proof. For (=), take g = p(&) and compute p(c75 1) in two different ways.
For (<), reason as in the previous proof: for x € Z and 7 € Ik, define p(cX - 7) := ¢gX - (1),
and check that this defines a homomorphism (we have ¢gX - o(7) = ¢(aXT57X) - gX). O



