SURJECTING ONTO (PRO-)NILPOTENT GROUPS

In what follows, G is a group, and 7: G — G is always the canonical surjection (of ker-
nel [G, G]). Let us start with the following (obvious) observation:

Proposition 1. Assume that G is solvable, and let H be a normal subgroup of G with w(H) =
G?*. Then, H =G.

Proof. The condition 7(H) = G* means that G = H[G, G]. We have (G/H)* = G/(H[G,G]) =
0, so (G/H) = [G/H,G/H] = ker(G/H — (G/H)*) = G/H, and then (G/H)™ = G/H for
alln > 0. But G/H is solvable, so (G/H)™ = 0 for large enough n, and therefore G/H = 0. [

We shall generalize it to non-normal subgroups for nilpotent G' (cf. [MKS04, Lemma 5.9]).

Proposition 2. Assume that G is nilpotent. Let f: H — G be a group homomorphism such
that 7o f is surjective (onto G ). Then, f is surjective.

Proof. We prove this by induction on the size of G. The case G = 1 is clear, so we assume that
G # 1 and that the result holds for groups of size < |G|. Since G is non-trivial and nilpotent,

its center is non-trivial, so |G/Z(G)| < |G|. The composite map f': H La- (G/Z(GQ)) —
(G/Z(G))?" is surjective, as it factors as H fied G — (G/Z(@))*, so by the induction hy-
pothesis f’ is surjective (onto G/Z(G)), meaning that G = f(H)Z(G). This implies that the
map [H, H] — [G,G] induced by f is surjective: indeed, [G,G] = [f(H)Z(G), f(H)Z(G)] =
[f(H), f(H)] = f([H, H]). Finally, the fact that 7o f is surjective means that G = f(H)|G, G|,
so G = f(H)f([H, H]) = f(H[H, H]) = f(H). .

Proposition 3. Assume that G is pro-nilpotent. Let f: H — G be a continuous group ho-
momorphism from a compact (e.g. profinite) topological group H, such that wo f is surjective
(onto G*). Then, f is surjective.

Proof. Write G = h{Lnn Gy, where (G,,) is a projective system of nilpotent groups. Since f is
continuous and H is compact, f(H) is compact in the Hausdorff space G, so closed. Thus, it
suffices to show that f has dense image, i.e., that the composite maps H 4, G —» G, are all
surjective. But this follows from Proposition 2. O

In particular (taking f to be the inclusion H — G), any closed subgroup H of a pro-nilpotent
group G that satisfies 7(H) = G* equals G.
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